
	  

	  

	  

The problems in this booklet are organized into strands. A 
problem often appears in multiple strands. The problems are 
suitable for most students in Grade 11 or higher. 
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Problem of the Week

Problem E

Space Left Over

BCDE is a square with sides of length 20 cm. DE is extended to F such that
the area of 4CDF is twice the area of the square. The figure BCDEFG is
enclosed in a circle with diameter CF and point D on the circumference of the
circle. (The diagram represents the information from the problem but is not
drawn to scale.)

Determine the area inside the circle but outside figure BCDEFG.
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We know that this circle can be drawn because of a property of circles: The
angle inscribed in a semi-circle is 90◦. In this case, ∠CDF = 90◦ and CF is
the diameter.
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Problem of the Week

Problem E and Solution

Space Left Over

Problem

BCDE is a square with sides of length 20 cm. DE is
extended to F such that the area of 4CDF is twice the
area of the square. The figure BCDEFG is enclosed in a
circle with diameter CF and point D on the circumference
of the circle. (The diagram represents the information
from the problem but is not drawn to scale.) Determine
the area inside the circle but outside figure BCDEFG.
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Solution

To find the area of the unshaded region, we need to find the area of the circle
and subtract the area of the shaded figure BCDEFG. To find the area of the
circle we need the radius, which is half the length of diameter CF . To find the
area of the shaded figure, we need to find the areas of square BCDE and
4GEF . We will need to find the length of GE.

Area of Square BCDE = 20× 20 = 400 cm2

Area of 4CDF = 2× Area of Square BCDE = 800 cm2

But Area of 4CDF = (CD)(DF )÷ 2

∴ 800 = (20)(DF )÷ 2

DF = 80 cm

Then EF = DF − ED = 80− 20 = 60 cm.

Since ∠FEG = ∠FDC = 90◦ and ∠GFE = ∠CFD, then 4FGE ∼ 4FCD.

∴
EF

DF
=

GE

CD
60

80
=

GE

20

GE = 15 cm
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Since 4FCD is right angled, FC2 = CD2 +DF 2

= 202 + 802

= 6800

FC = 20
√

17 cm

But FC is the diameter of the circle so the radius, r, is 10
√

17.

Unshaded Area = Area of Circle− Area of BCDEFG

= Area of Circle− (Area of Square BCDE + Area of 4FGE)

= πr2 − (lw + bh÷ 2)

= π(10
√

17)2 − (20× 20 + 15× 60÷ 2)

= 1700π − 400− 450

= (1700π − 850) cm2

The area inside the circle but outside the shaded figure is (1700π − 850) cm2 or
approximately 4 491 cm2.
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Problem of the Week

Problem E

Another Sum to 1000

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

The diagram below illustrates a mathematical short form for writing the above
sum. The notation is called Sigma Notation.
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In this week’s Problem D, solvers were asked, using two or more numbers, to
determine the smallest number of consecutive whole numbers that could be
used to sum to exactly 1000.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum.

Determine the smallest of the numbers in the sum.

In this week’s Problem C and Problem D we also explore the ideas covered in
this problem.
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Problem of the Week

Problem E and Solutions

Another Sum to 1000

Problem

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum. Determine the smallest of the numbers in the sum.

Solution 1

Let n, n + 1, n + 2, · · · , n + 23, n + 24 represent the 25 consecutive whole
numbers. Then,

n + n + 1 + n + 2 + · · · + n + 23 + n + 24 = 1000

25n + (1 + 2 + 3 + · · · + 23 + 24) = 1000

25n + 300 = 1000 (See note below.)

25n = 700

n = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum 1 + 2 + 3 + · · · + 23 + 24 can be calculated in a variety of ways. It is
an arithmetic series with first term a = 1, common difference d = 1, and the
number of terms n = 24.

Using Sn =
n

2
[2a + (n− 1)d], S24 =

24

2
[2(1) + (23)(1)] = 12(25) = 300.

It is also known that the sum of the first n natural numbers can be calculated

using the formula
n(n + 1)

2
. Using the formula with n = 24, the sum is

24 × 25

2
= 300.
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Solution 2

Let n represent the middle number of the 25 consecutive whole numbers. Then
there are 12 numbers below the average with the smallest number being
(n− 12) and 12 numbers above the average with the largest number being
(n + 12).

(n− 12) + (n− 11) +· · ·+ (n− 2) + (n− 1) + n

+ (n + 1) + (n + 2) +· · ·+ (n + 11) + (n + 12) = 1000

25n = 1000 (See note below.)

n = 40

n− 12 = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum simplifies to 25n = 1000 because for each positive integer 1 to 12 in
the sum the opposite integer -1 to -12 also appears.

Then (1 + 2 + · · · + 11 + 12) + (−1 − 2 − · · · − 11 − 12) = 0.

Solution 3

In Problem C this week, the solvers were asked to express 220 as the sum of
five consecutive whole numbers. As part of the solution, they discovered that
the average was a whole number and that there would be two consecutive
whole numbers above the average and two consecutive whole numbers below
the average.

In this problem, we want to express 1000 as the sum of 25 consecutive whole
numbers. The average, 1000 ÷ 25 = 40, is a whole number. There will be
twelve consecutive whole numbers above the average and twelve consecutive
whole numbers below the average. The smallest number will therefore be
40 − 12 = 28.

Solution 2 is actually a mathematical justification for this result.
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Problem of the Week

Problem E

Stained Glass Window

The diagram represents a large semicircular stained glass window. The
diameter of the largest semicircle is 5 m, the diameter of the middle semicircle
is 3 m, and the diameter of the smallest semicircle is 1 m. All of the blue areas,
marked B, are equal and all of the red areas, marked R, are equal.

Determine the ratio of one area marked R to one area marked B.
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Problem of the Week

Problem E and Solution

Stained Glass Window

Problem

The diagram represents a large semicircular stained
glass window. The diameter of the largest semicircle is
5 m, the diameter of the middle semicircle is 3 m, and
the diameter of the smallest semicircle is 1 m. All of the
blue areas, marked B, are equal and all of the red areas,
marked R, are equal. Determine the ratio of one area
marked R to one area marked B.
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Solution

Make a copy of the window and flip it over. Attach the two halves at the
diameter creating a circular window. The ratio of area R to area B will remain
unchanged. This construction is not necessary but it allows us to find the area
of circles rather than semicircles.

The smallest circle has diameter 1 m and radius 1
2 m. The area of the small

circle is π(12)2 = 1
4π m2.

The middle circle has diameter 3 m and radius 3
2 m. The area of the middle

circle is π(32)2 = 9
4π m2. But the area of the middle circle is made up of six

areas marked R plus the small inner circle. Therefore,

6R +
1

4
π =

9

4
π

6R =
9

4
π − 1

4
π

6R =
8

4
π

6R = 2π

R =
π

3
m2
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The large circle has diameter 5 m and radius 5
2 m. The area of the large circle

is π(52)2 = 25
4 π m2. But the area of the large circle is made up of ten areas

marked B plus the area of the middle circle calculated earlier. Therefore,

10B +
9

4
π =

25

4
π

10B =
25

4
π − 9

4
π

10B =
16

4
π

10B = 4π

B =
2π

5
m2

The ratio of one red area R to one blue area B is now easily calculated.

R : B =
π

3
:

2π

5

=
5π

15
:

6π

15

= 5 : 6

The ratio of area R to area B is 5:6. In other words, one area R is five-sixths of
one area B.
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Problem of the Week

Problem E

All Time Low

Suppose y = 5x2 + ax+ b, a 6= b, is a parabola that passes through the points
A(a, b) and B(b, a).

Determine the minimum value of the parabola.
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Problem of the Week

Problem E and Solution

All Time Low

Problem

Suppose y = 5x2 + ax + b, a 6= b, is a parabola that passes through the points
A(a, b) and B(b, a). Determine the minimum value of the parabola.

Solution

Since A(a, b) is on the parabola, it satisfies the equation of the parabola. We
can substitute x = a and y = b into the equation y = 5x2 + ax + b.

b = 5a2 + a2 + b

b = 6a2 + b

0 = 6a2

0 = a2

0 = a

The equation becomes y = 5x2 + 0x + b or simply y = 5x2 + b.

Since B(b, a) is on the parabola, it satisfies the equation of the parabola. We
can substitute x = b and y = a = 0 into the equation y = 5x2 + b.

0 = 5b2 + b

0 = b(5b + 1)

b = 0 or 5b + 1 = 0

b = −1

5

Since a 6= b and a = 0, then b = 0 is inadmissible. Therefore, b = −1
5 and the

equation becomes y = 5x2 − 1
5 . The vertex of the parabola is

(
0,−1

5

)
and so

the minimum value is −1
5 .
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Problem of the Week

Problem E

The Missing Radius

A circle with centre O is drawn with points P, Q, and S on the circumference
such that PQ = PS = 12 m. PO is extended to meet QS at R such that
PR ⊥ QS and OR = 1 m.

Determine the radius of the circle.
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Problem of the Week

Problem E and Solution

The Missing Radius

Problem

A circle with centre O is drawn with points P, Q, and S on the
circumference such that PQ = PS = 12 m. PO is extended to
meet QS at R such that PR ⊥ QS and OR = 1 m. Determine
the radius of the circle.

Solution

Since O is the centre of a circle that passes through
P, Q, and S, then OP , OQ, and OS are radii. Then
OP = OQ = OS = x, x > 0. Let SR = y.
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4SPR is right angled at R. Using the Pythagorean Theorem,

PR2 +RS2 = PS2

(PO +OR)2 +RS2 = PS2

(x+ 1)2 + y2 = 122 (1)

4SOR is right angled at R. Using the Pythagorean Theorem,

OR2 +RS2 = OS2

12 + y2 = x2

y2 = x2 − 1

Substitute for y2 in (1): (x+ 1)2 + x2 − 1 = 122

x2 + 2x+ 1 + x2 − 1 = 144

2x2 + 2x− 144 = 0

x2 + x− 72 = 0

(x− 8)(x+ 9) = 0

x = 8 or x = −9

Since x > 0, x = −9 is inadmissible. Therefore, x = 8. But x is the radius of the circle.

∴ the radius of the circle is 8 m.
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Problem of the Week

Problem E

Now I Know My A, B, C ’s, ...

The letters A, B, and C represent single digits. Determine all possible sets of
values of A, B, and C, given that:

ABC + 2 = ABB

and ABC × 2 = BBA

Note that ABC is a three digit number whose first digit is A, second digit is B
and third digit is C. Similarly for ABB and BBA.
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Problem of the Week

Problem E and Solution

Now I Know My A, B, C ’s, ...

Problem

The letters A, B, and C represent single digits. Determine all possible sets of values of A, B,
and C, given that: ABC + 2 = ABB and ABC × 2 = BBA. Note that ABC is a three digit
number whose first digit is A, second digit is B and third digit is C. Similarly for ABB and
BBA.

Solution

From ABC + 2 = ABB, we note that the number ABB is 2 more than the number ABC and
that the first two digits of each number are the same. From this, B = C + 2 follows. We can
prove this using place value. The number ABC = 100 × A + 10 ×B + C = 100A + 10B + C.
The number ABB = 100 × A + 10 ×B + B = 100A + 10B + B. Then,

(100A + 10B + C) + 2 = 100A + 10B + B

100A + 10B + C + 2 = 100A + 11B

C + 2 = B, as above.

From this expression we can obtain a restriction on the possible integer values of C. C must be
an integer from 0 to 7, inclusive. If C = 8, then B = C + 2 = 10 and B is not a single digit.

Representing ABC × 2 = BBA using place value,

(100A + 10B + C) × 2 = 100B + 10B + A

200A + 20B + 2C = 110B + A

199A = 90B − 2C

Substituting C + 2 for B : 199A = 90(C + 2) − 2C

199A = 90C + 180 − 2C

A =
88C + 180

199

We are looking for an integer value of C from 0 to 7 such that 88C + 180 is a multiple of 199.
The only value of C that produces a multiple of 199 when substituted into 88C + 180 is C = 7.
When C = 7, A = 88C+180

199
= 88(7)+180

199
= 4 and B = C + 2 = 9.

The only possible values that satisfy the system of equations are A = 4, B = 9 and C = 7.

We can verify this result:

ABC + 2 = 497 + 2 = 499 = ABB and

ABC × 2 = 497 × 2 = 994 = BBA.
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Problem of the Week

Problem E

As Time Goes By

A stopped watch may be useless but at least it shows the correct time twice a
day. A “good” watch which gains or loses time each day, shows the correct
time far less often.

When Jeff received a pocket watch from his Grandmother on his 12th birthday
it was set at precisely the correct time. However, Jeff soon discovered that his
watch gained exactly 10 seconds every day.

Assuming that Jeff never adjusts his watch to correct the time, how many
times after his 12th birthday and before his 90th birthday will his watch show
the correct time?
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Problem of the Week

Problem E and Solution

As Time Goes By

Problem

A stopped watch may be useless but at least it shows the correct time twice a
day. A “good” watch which gains or loses time each day, shows the correct
time far less often. When Jeff received a pocket watch from his Grandmother
on his 12th birthday it was set at precisely the correct time. However, Jeff soon
discovered that his watch gained exactly 10 seconds every day. Assuming that
Jeff never adjusts his watch to correct the time, how many times after his 12th

birthday and before his 90th birthday will his watch show the correct time?

Solution

Solving this problem is not difficult. However, the answer may surprise the
reader.

The watch will be correct once it has gained 12 hours.

12 h = 12 × 60 = 720 minutes

720 minutes = 720 × 60 = 43 200 seconds

Since the watch gains 10 seconds every day, it will take 43 200 ÷ 10 = 4 320
days or approximately 4 320 ÷ 365 = 11.8 years until it is the correct time
again. From Jeff’s 12th birthday to his 90th birthday, 78 years pass. The watch
will be accurate 78 ÷ (4 320 ÷ 365) =̇ 6.6 times. This means his watch will be
accurate only 6 times after his 12th birthday and before his 90th birthday.

The watch will be correct when he is 23.8 years old (between his 23rd and 24th

birthday), when he is 35.6 years old (between his 35th and 36th birthday), when
he is 47.4 years old (between his 47th and 48th birthday), when he is 59.2 years
old (between his 59th and 60th birthday), when he is 71.0 years old (near his 71st

birthday), and when he is 82.8 years old (between his 82nd and 83rd birthday).
Jeff may wish to correct his watch periodically or get a more accurate one.

As a concluding note, if the watch gained one second per day, the watch would
never be correct again for approximately 120 years. The answer is surprising!
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Problem of the Week

Problem E

It’s Your Vote

Just a small change in how people vote can affect an election result.

In a recent election, the ratio of the number of voters for the Purple Party to
the number of voters for the Pink Party was 15:16 and the Pink Party won the
election. Had 300 more people voted for the Purple Party and 200 fewer people
voted for the Pink Party, the ratio would have been 11:10 and the Purple Party
would have won the election.

Determine the total number of votes originally cast.

VOTE
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Problem of the Week

Problem E and Solution

It’s Your Vote

Problem

Just a small change in how people vote can affect an election result. In a recent election, the
ratio of the number of voters for the Purple Party to the number of voters for the Pink Party
was 15:16 and the Pink Party won the election. Had 300 more people voted for the Purple
Party and 200 fewer people voted for the Pink Party, the ratio would have been 11:10 and the
Purple Party would have won the election. Determine the total number of votes originally cast.

Solution

Let a represent the number of votes originally cast for the Purple Party.
Let b represent the number of votes originally cast for the Pink Party.
Then the total number of votes originally cast was a + b.

The original ratio of votes cast was a : b = 15 : 16. This ratio can be written a
b

= 15
16

and
a = 15

16
b follows. (1)

Had 300 more people voted for the Purple Party, the Purple Party would have received
(a + 300) votes. Had 200 fewer people voted for the Pink Party, the Pink Party would have
received (b− 200) votes. Then

a + 300

b− 200
=

11

10
10a + 3000 = 11b− 2200

10a = 11b− 5200

10

(
15b

16

)
= 11b− 5200 Substituting for a from (1)

5

(
15b

8

)
= 11b− 5200

75b = 88b− 41600 Multiplying by 8

−13b = −41600

b = 3 200

a =
15

16
(3200) Substituting b = 3200 in (1)

a = 3 000

a + b = 3 000 + 3 200

a + b = 6 200

There were 6 200 total votes originally cast.
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Problem of the Week

Problem E

Two Train Shuffle

Two trains of equal length are on parallel tracks. One train is travelling at
40 km/h and the other at 20 km/h. It takes two minutes longer for the trains
to completely pass one another when going in the same direction, than when
going in opposite directions.

Determine the length of each train.
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Problem of the Week

Problem E and Solutions

Two Train Shuffle

Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 1

Let L represent the length, in km, of each train. Let t1 represent the time, in hours, required
for the fast train to completely pass the slow train when going in the same direction. Let t2
represent the time, in hours, required for the fast train to completely pass the slow train when
going in opposite directions.

In order to completely pass one another when going in the same direction, the faster train
must travel two lengths of the train plus whatever distance the slower train travels. Therefore,

40t1 = 20t1 + 2L

20t1 = 2L

t1 =
L

10

In order to completely pass one another when going in the opposite direction, the total
distance travelled by the two trains must be 2L. Therefore,

40t2 + 20t2 = 2L

60t2 = 2L

t2 =
L

30

Since it takes two minutes or 2
60

hours longer for the trains to completely pass one another
when going in the same direction than when going in opposite directions,

t1 − t2 =
2

60
L

10
− L

30
=

1

30
Multiplying by 30: 3L− L = 1

2L = 1

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 2

Let L represent the length, in km, of each train.

When going in the same direction, the faster train is travelling at 40− 20 = 20 km/h relative
to the slower train. In order to completely pass, the faster train must travel 2L km. Therefore,
it takes 2L

20
= L

10
hours to completely pass.

When travelling in opposite directions, the faster train is travelling at 40 + 20 = 60 km/h
relative to the slower train. In order to completely pass, the faster train must travel 2L km.
Therefore, it takes 2L

60
= L

30
hours to completely pass.

Since it takes two minutes or 2
60

= 1
30

hours longer for the trains to completely pass one
another when going in the same direction than when going in opposite directions,

L

10
− L

30
=

1

30
Multiplying by 30: 3L− L = 1

2L = 1

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 3

Let L represent the length, in km, of each train.

While the trains are travelling in opposite directions, let y km be the distance travelled by the
slower train from the time the faster train begins to pass until it completely passes. The slower
train travels y km and the faster train travels (2L− y) km. We know that the time travelled
will be the same so:

y

20
=

2L− y

40
2y

40
=

2L− y

40
3y = 2L (1)

While the trains are travelling in the same direction, let x km be the distance travelled by the
slower train from the time the faster train begins to pass until it completely passes. The slower
train travels x km and the faster train travels (x+ 2L) km. We know that the time travelled
will be the same so:

x

20
=

x+ 2L

40
2x

40
=

x+ 2L

40
x = 2L (2)

We know that it takes two minutes or 2
60

hours longer for the trains to completely pass one
another when going in the same direction than when going in opposite directions. So,

x

20
− y

20
=

2

60
x

20
− 3y

60
=

2

60

Substituting 2L for x from (2) and 2L for 3y from (1),

2L

20
− 2L

60
=

2

60
6L

60
− 2L

60
=

2

60
4L = 2

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem of the Week

Problem E

Not Quite Square On

Square ABCD has sides of length 14 cm. The square is not centered on the
circle. It is offset in such a way that A and D are on the circle and side BC is
tangent to the circle at point P .

Determine the radius of the circle.

! "

#$

%

For this problem, the following known result about circles may be useful:

• If a line is tangent to a circle, it is perpendicular to the radius drawn to
the point of tangency.
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Problem of the Week

Problem E and Solution

Not Quite Square On

Problem

Square ABCD has sides of length 14 cm. The square is not centered on the circle. It is offset
in such a way that A and D are on the circle and side BC is tangent to the circle at point P .
Determine the radius of the circle. ! "
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Solution

The above diagram will be justified in the solution.

Let O be the centre of the circle and r be the radius.

Construct line segment PQ perpendicular to CB with P on side BC and Q on side AD of the
square. Since CB is tangent to the circle, PQ must pass through the centre of the circle, O.
Therefore PO = r.

Since PQ ⊥ BC, PQ ‖ AB and PQ = AB = 14, then OQ = PQ−OP = 14− r.

Since A and D are on the circle, therefore AO = DO = r.

Using the Pythagorean Theorem, AQ2 = AO2 −OQ2 = r2 − (14− r)2 and
DQ2 = DO2 −OQ2 = r2 − (14− r)2. Therefore AQ2 = DQ2 and AQ = DQ follows. Since
AQ = DQ and AQ + QD = AD = 14, we can substitute to obtain AQ + AQ = 2AQ = 14 or
AQ = 7.

Using the Pythagorean Theorem in 4AQO,

AO2 = AQ2 + QO2

r2 = 72 + (14− r)2

r2 = 49 + 196− 28r + r2

28r = 245

r =
245

28

r =
35

4
r = 8.75 cm

The radius of the circle is
35

4
cm or 8.75 cm.
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Problem of the Week

Problem E

Reaching New Altitudes

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle.
AQ, BR, and CP are altitudes with lengths 21 cm, 24 cm, and 56 cm,
respectively.

Determine the size of ∠ABC.

!

" #
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&

The diagram is not necessarily drawn to scale.
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Problem of the Week

Problem E and Solution

Reaching New Altitudes

Problem

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle. AQ, BR, and CP are
altitudes with lengths 21 cm, 24 cm, and 56 cm, respectively. Determine the size of ∠ABC.

!

" #

$

%
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Solution

Let BC = a, AC = b and AB = c.

We can find the area of the triangle by multiplying the length of the altitude (the height) by
the corresponding base and dividing by 2. Therefore,

AQ×BC

2
=

BR× AC

2
=

CP × AB

2

But AQ = 21, BC = a, BR = 24, AC = b, CP = 56, and AB = c. Multiplying through by 2
and substituting we obtain

21a = 24b = 56c.

From 21a = 24b we obtain b = 21
24
a = 7

8
a and from 21a = 56c we obtain c = 21

56
a = 3

8
a. The ratio

of the sides in 4ABC is a : b : c = a : 7
8
a : 3

8
a = 8 : 7 : 3. Let BC = 8x, AC = 7x, and

AB = 3x, x > 0.

Using the cosine law, AC2 = AB2 + CB2 − 2(AB)(CB) cos(∠ABC)

(7x)2 = (3x)2 + (8x)2 − 2(3x)(8x) cos(∠ABC)

49x2 = 9x2 + 64x2 − 48x2 cos(∠ABC)

Dividing by x2 since x > 0, 49 = 73− 48 cos(∠ABC)

Rearranging, 48 cos(∠ABC) = 24

cos(∠ABC) =
1

2
∴ ∠ABC = 60◦

Although not required, we could find the lengths of the sides in the triangle. These calculations
are shown on the next page.
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In right 4BPC,

PC

BC
= sin 60◦

BC =
PC

sin 60◦

BC =
56
√
3
2

BC =
112√

3
×
√

3√
3

BC =
112
√

3

3
But BC = 8x

∴ 8x =
112
√

3

3

x =
14
√

3

3

3x = 14
√

3

7x =
98
√

3

3

The side lengths of 4ABC are AB = 3x = 14
√

3, AC = 7x = 98
√
3

3
and BC = 112

√
3

3
.
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Problem of the Week

Problem E

Practice Makes Perfect

The Fine Arts High School Piano Club has 30 student members, some from
Grade 11 and the remainder from Grade 12. Each pair of students from the
club must play a piano duet together over the course of the year. When two
grade 11 students play together, they need 2 hours of practice time. When a
grade 11 and a grade 12 student play together, they need 3 hours of practice
time. When two grade 12 students play together, they need 4 hours of practice
time. In total, the students need 1392 hours of practice time.

How many of the 30 members of the club are Grade 11 students?
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Problem of the Week

Problem E and Solution

Practice Makes Perfect

Problem

The Fine Arts High School Piano Club has 30 student members, some from Grade 11 and the
remainder from Grade 12. Each pair of students from the club must play a piano duet together
over the course of the year. When two grade 11 students play together, they need 2 hours of
practice time. When a grade 11 and a grade 12 student play together, they need 3 hours of
practice time. When two grade 12 students play together, they need 4 hours of practice time.
In total, the students need 1392 hours of practice time. How many of the 30 members of the
club are Grade 11 students?

Solution

First we note the following:

If 3 students {A,B,C} are in the same grade, then there will be 3× 2÷ 2 = 3 duet pairings,
namely {AB}, {AC}, and {BC}. Also, if 3 students {A,B,C} are in one grade and 2 students
{D,E} are in the other grade, then there will be 3× 2 = 6 duet pairings, namely
{AD}, {AE}, {BD}, {BE}, {CD}, and {CE}.
Now, let a represent the number of Grade 11 students in the club and (30− a) represent the
number of Grade 12 students in the club.

In general, since there are a students in Grade 11 and each must play a duet with every other
student in Grade 11, there will be a× (a− 1)÷ 2 duets involving only Grade 11 students.
Similarly, since there are (30− a) students in Grade 12 and each must play a duet with every
other student in Grade 12, there will be (30− a)× (30− a− 1)÷ 2 = (30− a)× (29− a)÷ 2
duets involving only Grade 12 students. Since every Grade 11 student must play a duet with
every Grade 12 student, there will be a× (30− a) duets involving one student from each grade.

To determine the total amount of practice time required, take the number of students in each
type of pairing and multiply by the number of hours of practice time required for each pairing
type.

Total Time = Time for Gr. 11 Pairs + Time for Gr. 12 Pairs + Time for Gr. 11/12 Pairs

1392 = 2

[
a× (a− 1)

2

]
+ 4

[
(30− a)× (29− a)

2

]
+ 3[a× (30− a)]

1392 = a2 − a+ 2(870− 59a+ a2) + 3(30a− a2)

1392 = a2 − a+ 1740− 118a+ 2a2 + 90a− 3a2

1392 = −29a+ 1740

29a = 348

a = 12

Therefore, 12 of the students in the club are in Grade 11.
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Problem of the Week

Problem E

Another Cut

You are given 100 cm of rope and are asked to cut the rope exactly once so
that:

1. You have two pieces.

2. The first piece is used to form a rectangle with one side 8 cm long.

3. The second piece is used to form a square.

4. The area of the square and the area of the rectangle are equal.

Where should the cut be made?
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Problem of the Week

Problem E and Solution

Another Cut

Problem

You are given 100 cm of rope and are asked to cut the rope exactly once so that:

1. You have two pieces.

2. The first piece is used to form a rectangle with one side 8 cm long.

3. The second piece is used to form a square.

4. The area of the square and the area of the rectangle are equal.

Where should the cut be made?

Solution

Let the length of the piece of rope used to form the square be 4x cm. This would be the
perimeter of the square. Then the side length of the square would be 4x÷ 4 = x cm. The area
of the square is (x)(x) = (x2) cm2. (1)

The length of the piece of rope used to form the rectangle is (100 − 4x) cm. This would be the
perimeter of the rectangle. If the width of the rectangle is 8 cm, then there are
100 − 4x− 8 − 8 = (84 − 4x) cm left to form the lengths of the two other sides of the rectangle.
Therefore, the length of the rectangle is 84−4x

2
= (42 − 2x) cm. The area of the rectangle is

(8)(42 − 2x) = (336 − 16x) cm2. (2)

But the area of the square equals the area of the rectangle, so by equating (1) and (2) we
obtain:

x2 = 336 − 16x

x2 + 16x− 336 = 0

(x− 12)(x + 28) = 0

x = 12 or x = −28

Since x is the length of the side of the square, x = −28 is inadmissible. ∴ x = 12 cm. The area
of the square is 12 × 12 = 144 cm2. The length of the rectangle is 42 − 2x = 42 − 24 = 18 cm.
The area of the rectangle is 18 × 8 = 144 cm2. (These calculations were not required but are
provided as a check of the correctness of the result.)

Then 4x = 4(12) = 48 cm. The cut should be made 48 cm from one end creating a 52 cm piece
for the rectangle and a 48 cm piece for the square.
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Problem of the Week

Problem E

Just Passing Through The Sector

In the diagram, MON is a sector of a circle with radius ON which is 6 cm
long. If ∠MON = 60◦, determine the radius of the circle which passes through
the points M , N , and O.
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Problem of the Week

Problem E and Solution

Just Passing Through The Sector

Problem

In the diagram, MON is a sector of a circle with radius ON which is 6 cm long. If
∠MON = 60◦, determine the radius of the circle which passes through the points M , N ,
and O.

Solution

Let C be the centre of the circle that passes through M , N , and O. Then CM , CN , and CO
are radii. Therefore, CM = CN = CO = r.

In 4CMO and 4CNO, CM = CN , CO is common and OM = ON . Therefore,
4CMO ∼= 4CNO and it follows that ∠COM = ∠CON . But ∠MON = 60◦. Therefore,
∠COM = ∠CON = 30◦.

In 4CMO, CM = CO = r and 4CMO is isosceles. Therefore, ∠CMO = ∠COM = 30◦ and
∠MCO = 180◦ − 30◦ − 30◦ = 120◦.

Method 1: Using the sine law,

CM

sin (∠COM)
=

OM

sin (∠MCO)
r

sin 30◦
=

6

sin 120◦

r =
6

sin 120◦
× sin 30◦

r =
6
√
3
2

× 1

2

r = 6× 2√
3
× 1

2

r =
6√
3
×
√
3√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Method 2: Using the cosine law,

CM2 = CO2 +MO2 − 2× CO ×MO × cos (∠COM)

r2 = r2 + 62 − 2(6)(r) cos 30◦

12r cos 30◦ = 36

r cos 30◦ = 3

r ×
√
3

2
= 3

r ×
√
3 = 6

r ×
√
3×
√
3 = 6×

√
3

3r = 6
√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Problem of the Week

Problem E

Comic Collectors

With the renewed interest in movies based on comic book characters, many
clubs for comic book collectors have started. One such club attracts between
15 and 35 members to their monthly meetings.

At their last meeting, they discovered that all of the members in attendance
had exactly the same number of comic books, except for one member who had
one more comic book than each of the other members. Between them, the
members had precisely 1 000 comic books.

How many members attended the last meeting?
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Problem of the Week

Problem E and Solution

Comic Collectors

Problem

With the renewed interest in movies based on comic book characters, many
clubs for comic book collectors have started. One such club attracts between
15 and 35 members to their monthly meetings. At their last meeting, they
discovered that all of the members in attendance had exactly the same number
of comic books, except for one member who had one more comic book than
each of the other members. Between them, the members had precisely 1 000
comic books. How many members attended the last meeting?

Solution

One could attempt a trial and error solution to this problem. However, a more
algebraic solution will be presented here.

Let n represent the number of members present at the last monthly meeting
such that 15 < n < 35 and n is an integer. Let c represent the number of comic
books that all but one member had. The one member had c + 1 comic books.
It follows that (n− 1) members had c comic books each and one member had
c + 1 comic books producing a total of 1000 comic books.

(n− 1)c + 1(c + 1) = 1000

nc− c + c + 1 = 1000

nc = 999

We are looking for two positive integers with a product of 999 with one of the
numbers between 15 and 35. The prime factorization of 999 is 3 × 3 × 3 × 37.
We can combine the factors to produce pairs of numbers whose product is 999.
The possibilities are 1 and 999, 3 and 333, 9 and 111, and 27 and 37. The only
possible product which gives one factor between 15 and 35 is 27 × 37.

It then follows that there were 27 members present at the last meeting, 26 of
the members had 37 comic books each and 1 member had 38 comic books.
(This is easily verified: 26 × 37 + 1 × 38 = 1000.)
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Problem of the Week

Problem E

Propped Parallelogram

A parallelogram, ABCD, is propped up so that A lies on the positive y-axis, D
is on the positive x-axis, and B and C lie in the first quadrant. Three of its
vertices, A, B, and D are located at (0, 30), (k, 50) and (40, 0), respectively.
The area of ABCD is 1340 units2. If k > 0, determine the coordinates of B
and C.

!
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Problem of the Week

Problem E and Solution

Propped Parallelogram

Problem

A parallelogram, ABCD, is propped up so that A lies on the positive y-axis, D is on the
positive x-axis, and B and C lie in the first quadrant. Three of its vertices, A, B, and D are
located at (0, 30), (k, 50) and (40, 0), respectively. The area of ABCD is 1340 units2. If k > 0,
determine the coordinates of B and C.

Solution

Since ABCD is a parallelogram, AB = DC and AB ‖ DC. We can use this to find the
coordinates of C. To get from A to B, we go up 20 units and right k units. Therefore, to get
from D to C we do the same. C is located at (40 + k, 20).

In the solution, we will use a method known commonly as “completing the rectangle”.

Enclose ABCD in rectangle OEFG such that OE is on the positive y-axis passing through A,
EF is parallel to the positive x-axis passing through B, FG is parallel to the positive y-axis
passing through C, and OG lies along the positive x-axis passing through D.

This information is presented on the following diagram.

!!"#$"%
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The y coordinate of B is the distance from the x-axis to EF and also the height, GF , of
rectangle OEFG. It follows that GF = 50 units. Similarly, the x coordinate of C is the
distance from the y-axis to GF and also the width, OG, of rectangle OEFG. It follows that
OG = (40 + k) units. The other dimensions follow. (This information is already marked on the
above diagram.)
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The diagram from the first page is repeated here.
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We can now put the information together using areas to determine the value of k.

Area OEFG = Area 4AEB + Area 4BFC + Area 4CGD + Area 4DOA + Area ABCD

FG×OG =
AE × EB

2
+

BF × FC

2
+

CG×GD

2
+

DO ×OA

2
+ 1340

50× (40 + k) =
20× k

2
+

40× 30

2
+

20× k

2
+

40× 30

2
+ 1340

2000 + 50k = 10k + 600 + 10k + 600 + 1340

2000 + 50k = 20k + 2540

30k = 540

k = 18

Therefore the value of k is 18 and coordinates of B and C are B(18, 50) and C(58, 20),
respectively.

The solver may have approached the problem using linear equations and intersections. This is
a very acceptable solution to the problem. However, in this problem, that approach probably
would involve considerably more work.
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Problem of the Week

Problem E

Cornered

A rectangular piece of paper is 30 cm wide and 40 cm long. The paper has a
pattern on one side and is plain on the other. The paper is folded so that the
two diagonally opposite corners, A and C, coincide. (This is illustrated on the
diagram to the right.)

!

" #

$

%

&

'

!

" #

$

Determine the length of the crease, FE, created by the fold.
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Problem of the Week

Problem E and Solution

Cornered

Problem

A rectangular piece of paper is 30 cm wide and 40 cm long. The paper has a pattern on one
side and is plain on the other. The paper is folded so that the two diagonally opposite corners,
A and C, coincide. Determine the length of the crease, FE, created by the fold.

Solution

After the fold, C coincides with A and D folds to G. The angle at G is the same as the angle
at D. Since ABCD is a rectangle, ∠ADC = 90◦ and it follows that ∠AGF = 90◦.

Let a represent the length of BE and b represent the length of FD.
Then EC = CB −BE = 40− a and AF = AD − FD = 40− b.

The distance from the top of the crease at F to D is the same length as the distance from F to
G. It follows that FG = FD = b.

The distance from the bottom of the crease at E to C is the same length as the distance from
E to A. It follows that AE = EC = 40− a.

All of the information is recorded on the following diagram.
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Since 4ABE and 4AGF are both right angled, we can use the Pythagorean Theorem to find
a and b.

BE2 + AB2 = AE2 and FG2 + AG2 = AF 2

a2 + 302 = (40− a)2 b2 + 302 = (40− b)2

a2 + 900 = 1600− 80a + a2 b2 + 900 = 1600− 80b + b2

80a = 700 80b = 700

a =
35

4
b =

35

4

∴ a = b =
35

4

We still need to find the length of the crease.
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From F drop a perpendicular to BC intersecting at H. FHCD is a rectangle. It follows that
FH = DC = 30 and HC = FD = b.

Also, EH = BC −BE −HC = 40− a− b = 40− 35

4
− 35

4
=

90

4
=

45

2
.

Using the Pythagorean Theorem in 4EFH,

EF 2 = FH2 + EH2

= 302 +

(
45

2

)2

= 900 +
2025

4

=
5625

4

EF =
75

2
(EF > 0)

The length of the crease is
75

2
cm (37.5 cm).



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Problem of the Week

Problem E

Weird?

Sometimes you come across things that are just plain weird. For example, 512
is a three-digit number with three different digits and (5 + 1 + 2)3 = 512. It
seems a bit weird since the cube of the sum of the three digits in the number
equals the number itself. And, this is the only three-digit number with three
distinct digits that has this property.

It also turns out that there exists exactly one five-digit number, WEIRD, with
distinct digits such that (W + E + I + R + D)3 = WEIRD.

Determine the number.

(1 + 2 + 3 + 4 + 5)3 6= 12345

(2 + 4 + 6 + 8 + 0)3 6= 24680

? ? ? ? ?
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Problem of the Week

Problem E and Solution

Weird?

Problem

Sometimes you come across things that are just plain weird. For example, 512 is a three-digit
number with three different digits and (5 + 1 + 2)3 = 512. It seems a bit weird since the cube
of the sum of the three digits in the number equals the number itself. And, this is the only
three-digit number with three distinct digits that has this property. It also turns out that there
exists exactly one five-digit number, WEIRD, with distinct digits such that
(W + E + I + R + D)3 = WEIRD. Determine the number.

Solution

A straight forward approach to solving this problem is to determine the smallest possible
number and the largest possible number. Then, work at finding the number in that range that
satisfies the given property.

The smallest possible five-digit number with distinct digits is 10 234. The 3
√

10 234 =̇ 21.7 so
the smallest number to consider is 223 = 10 648. The largest sum of five distinct digits is
9 + 8 + 7 + 6 + 5 = 35 so the largest possible number to consider is 353 = 42 875. The answer,
if it exists, is from 223 to 353. We need to examine these cubes to find the solution.

Number Number3 Sum of the Digits Has the Property?
22 10 648 19 no, 22 6= 19
23 12 167 no, digits not distinct
24 13 824 18 no, 24 6= 18
25 15 625 no, digits not distinct
26 17 576 no, digits not distinct
27 19 683 27 Yes, (1 + 9 + 6 + 8 + 3)3 = 19683
28 21 952 no, digits not distinct
29 24 389 26 no, 29 6= 26
30 27 000 no, digits not distinct
31 29 791 no, digits not distinct
32 32 768 26 no, 32 6= 26
33 35 937 no, digits not distinct
34 39 304 no, digits not distinct
35 42 875 26 no, 35 6= 26

Since the problem stated that there was only one such number, we could have stopped when
we found (1 + 9 + 6 + 8 + 3)3 = 19 683 but by completing the chart we showed that, indeed,
there was only one solution.
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Problem of the Week

Problem E

Going Around in Circles

Two circles, with diameters AB and BC, respectively, are tangent to each
other at point B. A third circle with diameter AC is drawn so that it is
tangent to the larger inside circle at A and the smaller inside circle at C. From
a point E on the circumference of the outer circle a line segment is drawn to B
such that EB ⊥ AC and EB =

√
3 units.

Determine the area of the shaded region. That is, determine the area outside
of the two inner circles but inside the outer circle.

B
C

E

3

A

It is known that the angle inscribed in a semi-circle by the diameter is 90◦. In
the following diagram, PQ is a diameter and ∠PRQ is inscribed in the
semi-circle by diameter PQ. Therefore, ∠PRQ = 90◦.

P Q

R
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Problem of the Week

Problem E and Solution

Going Around in Circles

Problem

Two circles, with diameters AB and BC, respectively, are tangent to each other at point B. A
third circle with diameter AC is drawn so that it is tangent to the larger inside circle at A and
the smaller inside circle at C. From a point E on the circumference of the outer circle a line
segment is drawn to B such that EB ⊥ AC and EB =

√
3 units. Determine the area of the

shaded region. That is, determine the area outside of the two inner circles but inside the outer
circle.

Solution

Join A to E and E to C. Since AC is a diameter and ∠AEC is inscribed in the circle by that
diameter, ∠AEC = 90◦.

Let the radius of the smaller inside circle be r. Then the diameter of the smaller inside circle is
BC = 2r. Let the radius of the larger inside circle be R. Then the diameter of the larger inside
circle is AB = 2R.

Since BE ⊥ AC, ∠ABE = ∠CBE = 90◦. We will use the Pythagorean Theorem in the three
right triangles, 4ABE, 4CBE, and 4AEC, to establish a relationship between R and r.

All of the information is marked on the following diagram.

A
B

C

E

3

D=2R d=2r

In 4ABE, AE2 = AB2 + EB2 = (2R)2 + (
√

3)2 = 4R2 + 3.

In 4CBE, EC2 = BC2 + EB2 = (2r)2 + (
√

3)2 = 4r2 + 3.

In 4AEC, AC2 = AE2 + EC2 = (4R2 + 3) + (4r2 + 3) = 4R2 + 4r2 + 6.

But AC2 = (AB +BC)2 = (2R + 2r)2 = (2R + 2r)(2R + 2r) = 4R2 + 8Rr + 4r2

∴ 4R2 + 8Rr + 4r2 = 4R2 + 4r2 + 6 and 8Rr = 4 or Rr =
3

4
follows.
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A
B

C

E

3

D=2R d=2r

The relationship Rr =
3

4
could also be established using similar triangles as follows:

In 4AEB, ∠EAB + ∠AEB = 90◦ (1). Since ∠AEC = 90◦, ∠AEB + ∠BEC = 90◦ (2).

In (1) and (2), the right side of each equation is 90◦. We can then equate the left sides.
Therefore, ∠EAB + ∠AEB = ∠AEB + ∠BEC. Since ∠AEB is common to both sides, the
equation simplifies to ∠EAB = ∠BEC.

Now ∠EAB = ∠BEC and ∠EBA = ∠EBC = 90◦. Therefore, 4ABE ∼ 4EBC. From
triangle similarity,

AB

EB
=

EB

CB
2R√

3
=

√
3

2r

4Rr = 3

Rr =
3

4

The radius of the smaller inner circle is r, the radius of the larger inner circle is R, and the
radius of the outer circle is (R + r). We can now find the shaded area

Shaded Area = Area Outer Circle− Area Larger Inner Circle− Area Smaller Inner Circle

= π × (R + r)2 − π ×R2 − π × r2

= π × (R2 + 2Rr + r2)− πR2 − πr2

= πR2 + 2πRr + πr2 − πR2 − πr2

= 2πRr but Rr =
3

4

= 2π × 3

4

=
3π

2

Therefore, the shaded area is
3π

2
units2.
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Problem of the Week

Problem E

Is that Really True?

A subscriber to Problem of the Week submitted the following problem:

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Note: Every positive three-digit integer PQR can be written in the form
100× P + 10×Q+R.
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Problem of the Week

Problem E and Solutions

Is that Really True?

Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

A Note About the Solutions

The first two solutions use number theory to prove the result. The third
solution finds all possible three digit numbers of the form ABA which are
divisible by 7. It then creates a list of numbers of the form BAB from the
previous list and shows that all of these numbers are divisible by 7.

Solution 1

ABA is a positive three-digit integer divisible by 7. ABA is 7 times some
positive integer m or 7m. ABA can be written 100A+ 10B +A = 101A+ 10B.

∴ 101A + 10B = 7m (1)

The three-digit positive integer BAB can be written as
100B + 10A + B = 101B + 10A. Let n = 101B + 10A. (2)

We need to show that n is divisible by 7.

(1) 101A + 10B = 7m

(2) 10A + 101B = n

Subtracting, we obtain: 91A− 91B = 7m− n

Rearranging, we obtain: n = 7m + 91B − 91A

Factoring the right side, we obtain: n = 7(m + 13B − 13A)

Since A, B and m are positive integers, (m + 13B − 13A) is an integer. n is
7 times an integer and therefore n is divisible by 7. But n represents the
three-digit positive integer BAB so BAB is divisible by 7, as required.
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Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Solution 2

ABA is a positive three-digit integer divisible by 7. ABA is 7 times some
positive integer m or 7m. ABA can be written 100A+ 10B +A = 101A+ 10B.

101A + 10B = 7m

(98A + 3A) + (7B + 3B) = 7m

3A + 3B + 98A + 7B = 7m

3A + 3B = 7m− 98A− 7B

3A + 3B = 7(m− 14A−B)

Since A, B, and m are integers, 7(m− 14A−B) is an integer multiple of 7 and
hence is divisible by 7. But 3A + 3B = 7(m− 14A−B) so 3A + 3B is an
integer multiple of 7. Let 7n = 3A + 3B for some positive integer n.

The three-digit positive integer BAB can be written as

100B + 10A + B = 101B + 10A

= (98B + 3B) + (7A + 3A)

= 98B + 7A + 3A + 3B

= 98B + 7A + (3A + 3B)

= 98B + 7A + 7n

= 7(14B + A + n)

Since A, B, and n are integers, 14B + A + n is also an integer. It follows that
7(14B + A + n) is an integer multiple of 7 and is therefore divisible by 7. But
101B + 10A = 7(14B + A + n) so 101B + 10A, which represents the three-digit
positive integer BAB, is also divisible by 7.

Therefore, if the three-digit positive integer ABA is divisible by 7, then the
three-digit positive integer BAB is also divisible by 7.
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Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Solution 3

In this solution we will find all positive three-digit integers that are divisible by
7 and whose first and last digits are the same.

There is a divisibility rule for 7: to find out if a number is divisible by 7,
double the units digit, and then subtract it from the remaining digits of the
number. If you get an answer which is divisible by 7, then the original number
is divisible by 7. If you don’t know whether the new number is divisible by 7,
simply apply the rule again. The solver could use this rule or some other
process to find all positive integers of the form ABA that are divisible by 7.

The middle digit of the three-digit positive integer ABA cannot be zero since
the resulting number BAB would be 0A0, a two-digit number.

The complete list of three-digit positive integers of the form ABA that are
divisible by 7 such that B 6= 0 is

161, 252, 343, 434, 525, 595, 616, 686, 777, 868, and 959.

From this list, we form the three-digit positive integers of the form BAB,
namely,

616, 525, 434, 343, 252, 959, 161, 868, 777, 686, and 595.

Every number on the second list appears on the first list and is therefore
divisible by 7.

Therefore, if a three-digit positive integer ABA is divisible by 7, then the
three-digit positive integer BAB is also divisible by 7.

This solution is exhausting. One major problem with the solution is that we
must be sure that we have found and checked all possible positive three-digit
integers of the form ABA that are divisible by 7. The first two solutions
approached the proof in a more general way using number theory.
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Problem of the Week

Problem E

Around We Go

A spiral of numbers is created, as shown. starting with 1. If the pattern of the
spiral continues, how will the numbers 399, 400 and 401 appear in the spiral?
(Will they appear left to right in a row? right to left in a row? down in a
column? up in a column? down and then left? or up and then right?)

10 → 11 → 12 → 13
↑ ↓
9 2 → 3 14
↑ ↑ ↓ ↓

... 8 1 4 15
↑ ↑ ↓ ↓
22 7 ← 6 ← 5 16
↑ ↓
21 ← 20 ← 19 ← 18 ← 17
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Problem of the Week

Problem E and Solution

Around We Go

Problem

A spiral of numbers is created, as shown. starting with 1. If the pattern of the spiral continues,
how will the numbers 399, 400 and 401 appear in the spiral? (Will they appear left to right in
a row? right to left in a row? down in a column? up in a column? down and then left? or up
and then right?)

Solution

We are looking for some sort of pattern which can be used to predict the
position of the numbers 399, 400 and 401.

Observe a first square in the middle containing the numbers 1, 2, 3, and 4,
with 4 on the lower right corner.

2 → 3
↑ ↓
1 4

The first “square” has two numbers on each side and the number in the lower
right corner is 22 = (2× 1)2 = 4.

Extend the diagram to create a second square:

10 → 11 → 12 → 13
↑ ↓
9 2 → 3 14
↑ ↑ ↓ ↓
8 1 4 15
↑ ↓ ↓
7 ← 6 ← 5 16

This second “square” contains the numbers 1 to 16, with 16 on the lower right
corner. There are four numbers on each side and the number in the lower right
corner is 42 = (2× 2)2 = 16.
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Extend the diagram to create a third square:

26 → 27 → 28 → 29 → 30 → 31
↑ ↓
25 10 → 11 → 12 → 13 32
↑ ↑ ↓ ↓
24 9 2 → 3 14 33
↑ ↑ ↑ ↓ ↓ ↓
23 8 1 4 15 34
↑ ↑ ↓ ↓ ↓
22 7 ← 6 ← 5 16 35
↑ ↓ ↓
21 ← 20 ← 19 ← 18 ← 17 36

This third “square” contains the numbers 1 to 36, with 36 on the lower right
corner. There are six numbers on each side and the number in the lower right
corner is 62 = (2× 3)2 = 36.

Following this pattern, we would expect to find the number 64 in the bottom
right corner of the fourth square since (2× 4)2 = 82 = 64 and the number 100
in the bottom right corner of the fifth square since (2× 5)2 = 102 = 100. Both
of these can be easily verified by extending the spiral.

In general, the number in the bottom right corner of the nth square would be
(2× n)2.

The number 400 is 202. We would find it in the bottom right hand corner of
the tenth square since (2× 10)2 = 202 = 400. The number 399 would appear
just above 400 and the number 401 would appear just below it. So the numbers
399, 400 and 401 would appear as the last three numbers in a downward
column of numbers. (The number 402 would be to the left of 401 in a row.)

↓
399
↓

400
↓

402 ← 401
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Problem of the Week

Problem E

Come Home on Time

A helicopter leaves a boat and flies due north at a speed of 200 km/h. The boat
proceeds 60◦ west of south at a speed of 34 km/h. The helicopter has enough
fuel for five hours of flying and it maintains a constant speed of 200 km/h.

What is the maximum distance north the helicopter pilot can travel, so that
the fuel remaining will allow a safe return to the boat?
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Problem of the Week

Problem E and Solutions

Come Home on Time

Problem

A helicopter leaves a boat and flies due north at a speed of 200 km/h. The boat proceeds 60◦

west of south at a speed of 34 km/h. The helicopter has enough fuel for five hours of flying.
What is the maximum distance north the helicopter pilot can travel, so that the fuel remaining
will allow a safe return to the boat?

Solution 1

We know that the total time available is 5 hours and in that time the boat will travel
5× 34 = 170 km.

Let t represent the time, in hours, that the helicopter travels due north. Then, the helicopter
will have (5− t) hours to return to the boat. The helicopter will fly 200t km due north and
200(5− t) = (1000− 200t) km in a direction which allows the helicopter to return to the boat.

On the diagram, O represents the point at which the helicopter leaves the boat, A represents
the farthest point north that the helicopter reaches and B represents the point that the boat
reaches in 5 hours. ∠AOB = 180◦ − 60◦ = 120◦. So OA = 200t km, OB = 170 km, and
AB = (1000− 200t) km. If we let d = 200t, we can simplify OA to d and AB to (1000− d).

Using the cosine law,

AB2 = OA2 +OB2 − 2(OA)(OB) cos(∠AOB)

(1 000− d)2 = d2 + 1702 − 2(170)(d) cos(120◦)

1 000 000− 2 000d+ d2 = d2 + 28 900− 340d

(
−1

2

)
1 000 000− 2 000d = 28 900 + 170d

−2 170d = −971 100

d =
971 100

2 170

d =̇ 447.51 km

The plane can travel about 447 km north before it must return to the
final location of the boat. Since d = 200t, t = d ÷ 200 =̇ 2 h 14 min.
(Both the distance and the time have been rounded down to allow for a
safe return.) In terms of time, the pilot can fly north for about 2 hours
and 14 minutes before having to return to the ship.
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Solution 2

Let t represent the maximum time that the helicopter can travel north. Let O represent the
point where the helicopter leaves the boat. Let A represent the most northerly point to which
the helicopter could fly to before it must return to the boat. Let B represent the location of
the boat after it travels five hours.

As in solution 1, we determine that the boat travels 5× 34 = 170 km in five hours. In terms of
the coordinate plane, we know that the boat is travelling through the third quadrant at an
angle of 60◦ from the negative y-axis and 30◦ from the negative x-axis. The standard position
angle related to these two angles would be 180◦ + 30◦ = 210◦. We can determine the
coordinates of B, the location of the boat after travelling 5 hours, using x = r cos θ and
y = r sin θ, where r = 170 and θ = 210◦.

x = r cos θ = 170 cos 210◦ = 170

(
−
√

3

2

)
= −85

√
3

y = r sin θ = 170 sin 210◦ = 170

(
−1

2

)
= −85

The coordinates of B are
(
−85
√

3,−85
)
.

Since the helicopter is travelling due north at 200 km/h for t hours, it travels 200t km and the
coordinates of A are (0, 200t). We can now calculate the distance from A(0, 200t) to
B(−85

√
3,−85).

(AB)2 =
(

0− (−85
√

3)
)2

+ (200t− (−85))2

= (85
√

3)2 + (200t+ 85)2

= 7 225(3) + 40 000t2 + 34 000t+ 7 225

= 21 675 + 40 000t2 + 34 000t+ 7 225

= 40 000t2 + 34 000t+ 28 900

= 100(400t2 + 340t+ 289)

AB = 10
√

400t2 + 340t+ 289, AB > 0

The time from A to B would be 10
√
400t2+340t+289

200
=
√
400t2+340t+289

20
. We

already know that the time from O to A is t and that the total time
is 5 hours. Then,

t+

√
400t2 + 340t+ 289

20
= 5

20t+
√

400t2 + 340t+ 289 = 100√
400t2 + 340t+ 289 = 100− 20t

Squaring both sides, 400t2 + 340t+ 289 = 10 000− 4 000t+ 400t2

4340t = 9 711

t =
9 711

4 340

The maximum distance the helicopter can travel north is 200t =
971 100

2 170
=̇ 447.51 km and the

helicopter should not go north for more than 2 hours and 14 minutes.
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Problem of the Week

Problem E

Put the Parts Together

Determine the number of solutions to

where • P and Q are both integers;

• −9 ≤ P ≤ 9; and

• −9 ≤ Q ≤ 9.
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Problem of the Week

Problem E and Solution

Put the Parts Together

Problem

Determine the number of solutions to
P

Q
− Q

P
=

P + Q

PQ
where

P and Q are both integers; −9 ≤ P ≤ 9; and −9 ≤ Q ≤ 9.

Solution
P

Q
− Q

P
=

P + Q

PQ

P 2

PQ
− Q2

PQ
=

P + Q

PQ
Common Denominator

P 2 −Q2

PQ
=

P + Q

PQ
Simplify

(P −Q)(P + Q)

PQ
=

(1)(P + Q)

PQ
Factor Left Side Numerator

Since the two sides are equal, P −Q = 1 or P + Q = 0. Also, P and Q cannot equal zero.
Otherwise at least two of the denominators, P , Q, and PQ, would equal zero and division by
zero is undefined. We will look each possibility separately.

1. P −Q = 1, P 6= 0 and Q 6= 0.

In this case, we see that P and Q differ by 1 and P > Q. The largest value of P is 9.
When P = 9, Q = 8. The smallest value of Q is −9. When Q = −9, P = −8, a value
which is 1 more than the value of Q. So P can take on all of the integer values from −8
to 9 except P = 0. But when P = 1, Q = 0. We would have to remove this value of P as
well. There are 18 values for P from −8 to 9. After removing P = 0 and P = 1, there are
16 values for P and therefore 16 corresponding values for Q. The equation has 16
solutions such that P −Q = 1, P and Q are integers, −9 ≤ P ≤ 9 and −9 ≤ Q ≤ 9.

2. P + Q = 0, P 6= 0 and Q 6= 0.

In this case, P + Q = 0 or P = −Q. When P = 9, the largest integer value it can take
on, Q = −9. Similarly, when P = −9, the smallest integer value it can take on, Q = 9.
There are 19 integer values that P can take on but this includes P = 0, Q = 0. So the
equation has 19− 1 = 18 solutions such that P + Q = 0, P and Q are integers,
−9 ≤ P ≤ 9 and −9 ≤ Q ≤ 9.

We have considered all possible cases. Therefore, there are 16 + 18 = 34 solutions to the
equation.
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Problem of the Week

Problem E

Another Sum to 1000

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

The diagram below illustrates a mathematical short form for writing the above
sum. The notation is called Sigma Notation.

!!"!##

$%

!!!"!!&%%%

In this week’s Problem D, solvers were asked, using two or more numbers, to
determine the smallest number of consecutive whole numbers that could be
used to sum to exactly 1000.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum.

Determine the smallest of the numbers in the sum.

In this week’s Problem C and Problem D we also explore the ideas covered in
this problem.
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Problem of the Week

Problem E and Solutions

Another Sum to 1000

Problem

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum. Determine the smallest of the numbers in the sum.

Solution 1

Let n, n + 1, n + 2, · · · , n + 23, n + 24 represent the 25 consecutive whole
numbers. Then,

n + n + 1 + n + 2 + · · · + n + 23 + n + 24 = 1000

25n + (1 + 2 + 3 + · · · + 23 + 24) = 1000

25n + 300 = 1000 (See note below.)

25n = 700

n = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum 1 + 2 + 3 + · · · + 23 + 24 can be calculated in a variety of ways. It is
an arithmetic series with first term a = 1, common difference d = 1, and the
number of terms n = 24.

Using Sn =
n

2
[2a + (n− 1)d], S24 =

24

2
[2(1) + (23)(1)] = 12(25) = 300.

It is also known that the sum of the first n natural numbers can be calculated

using the formula
n(n + 1)

2
. Using the formula with n = 24, the sum is

24 × 25

2
= 300.
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Solution 2

Let n represent the middle number of the 25 consecutive whole numbers. Then
there are 12 numbers below the average with the smallest number being
(n− 12) and 12 numbers above the average with the largest number being
(n + 12).

(n− 12) + (n− 11) +· · ·+ (n− 2) + (n− 1) + n

+ (n + 1) + (n + 2) +· · ·+ (n + 11) + (n + 12) = 1000

25n = 1000 (See note below.)

n = 40

n− 12 = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum simplifies to 25n = 1000 because for each positive integer 1 to 12 in
the sum the opposite integer -1 to -12 also appears.

Then (1 + 2 + · · · + 11 + 12) + (−1 − 2 − · · · − 11 − 12) = 0.

Solution 3

In Problem C this week, the solvers were asked to express 220 as the sum of
five consecutive whole numbers. As part of the solution, they discovered that
the average was a whole number and that there would be two consecutive
whole numbers above the average and two consecutive whole numbers below
the average.

In this problem, we want to express 1000 as the sum of 25 consecutive whole
numbers. The average, 1000 ÷ 25 = 40, is a whole number. There will be
twelve consecutive whole numbers above the average and twelve consecutive
whole numbers below the average. The smallest number will therefore be
40 − 12 = 28.

Solution 2 is actually a mathematical justification for this result.
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Problem of the Week

Problem E

A Little Bit Puzzled

A positive integer is written on the back of each of three puzzle pieces. The
numbers are not necessarily different but the total of the three numbers is 14.
Each puzzle piece is placed on a table so that the number cannot be seen.
Alpha, Beta and Gamma each select one of the pieces, being careful not to let
the other two see the number that is printed on the piece.

Alpha says, after looking at his puzzle piece, “I know that Beta and Gamma
have different numbers.”

Beta then says, “I already knew that all three numbers were different.”

At this point, Gamma confidently exclaims, “I now know what all three of the
numbers are!”

What were the numbers and who had which number?
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Problem of the Week

Problem E and Solution

A Little Bit Puzzled

Problem

A positive integer is written on the back of each of three puzzle pieces. The
numbers are not necessarily different but the total of the three numbers is 14.
Each puzzle piece is placed on a table so that the number cannot be seen.
Alpha, Beta and Gamma each select one of the pieces, being careful not to let
the other two see the number that is printed on the piece. Alpha says, after
looking at his puzzle piece, “I know that Beta and Gamma have different
numbers.” Beta then says, “I already knew that all three numbers were
different.” At this point, Gamma confidently exclaims, “I now know what all
three of the numbers are!” What were the numbers and who had which
number?

Solution

We want to find the single solution to the problem x + y + z = 14 that satisfies
the statements offered by Alpha, Beta and Gamma. It turns out that there are
78 different possible sums of three positive integers totalling 14. We could list
all of the possible solutions and then proceed through the statements until we
determine the required solution. Our approach will be far less exhausting. At
the end of the solution, a justification of the existence of 78 possible positive
integral solutions to the equation x + y + z = 14 will be provided.

The sum of three numbers is 14, an even number. To generate an even sum,
the three numbers must all be even or one of the numbers must be even and
the other two numbers must be odd.

Alpha says, after looking at his puzzle piece, “I know that Beta and
Gamma have different numbers.” How can Alpha KNOW? If his number
is even then Beta and Gamma could both have even numbers or both have odd
numbers to generate the sum 14. For example, if Alpha had the number 6,
Beta could have 6 and Gamma could have 2 or Beta could have 5 and Gamma
could have 3. If his number was even, Alpha would not KNOW that the other
two numbers were different. Therefore, Alpha must have an odd number, one
of the others has an odd number and the other has an even number.



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Beta then says, “I already knew that all three numbers were
different.” Using the same logic as before, since Beta knows Alpha and
Gamma have different numbers, Beta must have an odd number (and thus
Gamma must have the even number). But how does Beta KNOW that all
three numbers are different?

If Beta has a 1, 3 or 5, Alpha could have the same number. Beta would not
know.

If Beta has a 7, 9, 11 or 13, Alpha could not have the same number in order for
the three numbers to sum to 14. Furthermore, if Beta has a 7, Alpha must
have a 5 or lower. If Beta has a 9, Alpha must have a 3 or lower. If Beta has
an 11, Alpha must have a 1. Beta cannot have a 13 in order for the three
numbers to sum to 14.

At this point our list of possible solutions has dropped from 78 to 6.

Beta Alpha Gamma

7 1 6
7 3 4
7 5 2

9 1 4
9 3 2

11 1 2

How does Gamma conclude, “I now know what all three of the numbers are!”?

If Gamma has a 4, Beta could have a 7 and Alpha could have a 3 or Beta could
have a 9 and Alpha could have a 1. In this case, Gamma would not know.

If Gamma has a 2, Beta could have a 7 and Alpha could have a 5 or Beta could
have a 9 and Alpha could have a 3 or Beta could have an 11 and Alpha could
have a 1. In this case, Gamma would certainly not know.

However, if Gamma had a 6, then Beta must have a 7 and Alpha must have a
1. This is the only possibility in which Gamma’s statement is true.

Therefore, Alpha has a 1, Beta has a 7, and Gamma has a 6.

A justification of the 78 possible solutions is provided on the next page.
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Why are there 78 solutions to the equation x + y + z = 14 where x, y, z are
positive integers?

x y z # of possibilities

1 1 12
1 2 11
1 3 10 12
...

...
...

1 12 1

2 1 11
2 2 10
2 3 9 11
...

...
...

2 11 1

3 1 10
3 2 9
3 3 8 10
...

...
...

3 10 1
...

...
...

10 1 3
10 2 2 3
10 3 1

11 1 2
11 2 1 2

12 1 1 1

The total number of solutions is 12 + 11 + 10 + 9 + · · · + 3 + 2 + 1 = 78.

A much more elegant solution to this problem is possible but will not be
provided here. This type of counting problem is often covered in courses
involving Permutations and Combinations.
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Problem of the Week

Problem E

Pick Three

A bag contains ten identical balls, each numbered with a different number from
the integers 1 to 10. Lucy Luck draws three balls from the bag and holds them
in her hand. She wins if the smallest numbered ball in her hand is odd and the
next smallest numbered ball in her hand is even.

Determine the probability that Lucy wins.
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Problem of the Week

Problem E and Solution

Pick Three

Problem

A bag contains ten identical balls, each numbered with a different number from the integers
1 to 10. Lucy Luck draws three balls from the bag and holds them in her hand. She wins if the
smallest numbered ball in her hand is odd and the next smallest numbered ball in her hand is
even. Determine the probability that Lucy wins.

Solution

To determine the probability we need to determine two things: the total number of different
three-ball selections and the total number of winning selections.

First, we will determine the total number of different three-ball selections. Since each number
is distinct, then there are 10 choices for the first ball, 9 choices for the second ball and 8
choices for the third ball. This produces 10 × 9 × 8 = 720 ordered selections. But this total
includes 6 orderings for each possible selection of three numbers. For example, the three
numbers 1, 2, and 3, would be included 6 times: (1,2,3), (1,3,2), (2,1,3), (2,3,1), (3,1,2), and
(3,2,1). Basically, each three-ball selection is counted six times. Therefore, there are
720 ÷ 6 = 120 different possible three-ball selections.

Next, we will determine the number of winning three-ball selections. That is, the number of
selections in which the smallest number is odd and the next smallest number is even. The
information is presented in chart form.

Possible Value(s) Number of
Smallest Number Second Smallest Number for the Largest Number Three-ball Selections

1 2 3,4,5,6,7,8,9,10 8
4 5,6,7,8,9,10 6
6 7,8,9,10 4
8 9,10 2

3 4 5,6,7,8,9,10 6
6 7,8,9,10 4
8 9,10 2

5 6 7,8,9,10 4
8 9,10 2

7 8 9,10 2

The total number of winning selections is
(8 + 6 + 4 + 2) + (6 + 4 + 2) + (4 + 2) + (2) = 20 + 12 + 6 + 2 = 40.

The probability of winning is
40

120
=

1

3
.
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Problem of the Week

Problem E

Reindeer Games

As part of their annual training, Santa’s eight reindeer, Dasher, Dancer,
Prancer, Vixen, Comet, Cupid, Donner, Blitzen, participate in reindeer games.
Rudolph was not allowed to play in any reindeer games.

In one of the games, the reindeer must arrange themselves in a line. There are
a few rules that the reindeer must follow. First, reindeer with the letter r in
their name cannot stand together in adjacent positions in the line. Second,
since Donner and Blitzen look so much alike, they can never stand in adjacent
positions in the line. The diagram below illustrates one possible valid
arrangement of the reindeer.

The reindeer randomly organize themselves in the line. What is the probability
that they arrange themselves in a correct order?

Blitzen Dancer Comet Donner Cupid Dasher Vixen Prancer
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Problem of the Week

Problem E and Solution

Reindeer Games

Problem

As part of their annual training, Santa’s eight reindeer, Dasher, Dancer, Prancer, Vixen,
Comet, Cupid, Donner, Blitzen, participate in reindeer games. Rudolph was not allowed to
play in any reindeer games. In one of the games, the reindeer must arrange themselves in a
line. There are a few rules that the reindeer must follow. First, reindeer with the letter r in
their name cannot stand together in adjacent positions in the line. Second, since Donner and
Blitzen look so much alike, they can never stand in adjacent positions in the line. The reindeer
randomly organize themselves in the line. What is the probability that they arrange
themselves in a correct order?

Solution

Diagrams will be presented before an explanation of each case. Let Donner’s position in the
line be marked with a D. Let the the other reindeer with an r in their name have their
positions marked with an R. If a position has a number in it, that will represent the number of
ways that position can be filled (by reindeer without r in their name and not Blitzen).

Four of the eight reindeer have an r in their name. The problem is complicated by the fact
that Donner and Blitzen cannot stand together. We will break the problem into two cases.

1. Donner is in position 1 or position 8.

D 3 R R R

D 3 R R R

D 3 R R R

D 3 R R R

R R R 3 D

R R R 3 D

R R R 3 D

R R R 3 D

There are 8 configurations (shown above) with Donner in the first or last spot. For each of
these, there are 3 possible ways for the reindeer to fill in the empty spot immediately adjacent
to Donner (these reindeer do not have an r in their name, nor are they Blitzen). For each of
these, there are (3× 2× 1) ways to place the other reindeer with r in their name and (3× 2× 1)
ways to place the remaining reindeer, including Blitzen.

There are 8 × 3 × (3 × 2 × 1) × (3 × 2 × 1) = 864 ways to place the reindeer properly with
Donner in the first or last spot.
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2. Donner is in positions 2 through 7.

3 D 2 R R R

R 3 D 2 R R

R 3 D 2 R R

R 3 D 2 R R

R 3 D 2 R R

R 3 D 2 R R

R R 3 D 2 R

R R 3 D 2 R

R R 3 D 2 R

R R 3 D 2 R

R R 3 D 2 R

R R R 2 D 3

There are 12 configurations (shown above) with Donner in one of the spots from position 2 to
position 7. For each of these, there are 3 possible ways for the reindeer to fill in the first empty
spot immediately adjacent to Donner and two ways to fill the other empty spot immediately
adjacent to Donner (these reindeer do not have an r in their name, nor are they Blitzen). For
each of these, there are (3 × 2 × 1) ways to place the reindeer with r in their name and (2 × 1)
ways to place the remaining reindeer, including Blitzen.

There are 12 × (3 × 2) × (3 × 2 × 1) × (2 × 1) = 864 ways to place the reindeer properly with
Donner in one of the spots 2 through 7.

The cases have no overlapping possibilities and we have considered all of the possible
placements of Donner. Therefore, there are 864 + 864 = 1728 ways for the reindeer to line up
correctly.

If the reindeer could stand in any position in the line, the number of possible ways to line up is

8 × 7 × 6 × · · · × 3 × 2 × 1 = 40 320.

The probability of the reindeer randomly lining up in a correct formation is
1 728

40 320
=

3

70
=̇ 0.043. There is a 4.3% chance of the reindeer lining up correctly.

The chances are extremely slight that the reindeer will line up randomly and be ordered
correctly.
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Problem of the Week

Problem E

Sum Thing For The New Year

The set {3, 6, 9, 12, 15, · · · , 2010, 2013} contains all of the multiples of three
from 3 to 2013.

Three distinct numbers are chosen from the set to form a sum. How many
different sums can be formed?
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Problem of the Week

Problem E and Solution

Sum Thing For The New Year

Problem

The set {3, 6, 9, 12, 15, · · · , 2010, 2013} contains all of the multiples of three from 3 to 2013.
Three distinct numbers are chosen from the set to form a sum. How many different sums can
be formed?

Solution

Since the set includes every positive multiple of three from 3 to 2013 and 2013 is the largest
number, then there are 2013÷ 3 = 671 numbers in the set. Each number is of the form 3n, for
n = 1, 2, 3, · · · , 671. The required sum is 3a + 3b + 3c where a, b, and c are three distinct
numbers chosen from {1, 2, 3, · · · , 671}. But 3a + 3b + 3c = 3(a + b + c). We can reduce the
problem to the much easier question of, “How many distinct integers can be formed by adding
three numbers from {1, 2, 3, · · · , 671}?”

Clearly, the smallest number is 1 + 2 + 3 = 6 and the largest number is 669 + 670 + 671 = 2010.
It is reasonably easy to see that it is possible to get every number in between 6 and 2010 by:

a) increasing the sum by replacing a number with one that is 1 larger or,

b) decreasing the sum by replacing a number with one that is 1 smaller.

Therefore, all of the numbers from 6 to 2010 inclusive can be formed. The number of numbers
that can be formed is 2005. (Some solvers may think that there are 2004 numbers. There are
2010 integers from 1 to 2010, inclusive. But this includes the five numbers 1 to 5. So there are
2010− 5 = 2005 numbers from 6 to 2010.)

This answer, 2005, is the answer to the original problem as well. If a + b + c = 6 then
3(a+ b+ c) = 18. This is the smallest number that is the sum of the three smallest numbers, 3,
6 and 9, from the original set. If a + b + c = 2010 then 3(a + b + c) = 6030. This is the largest
number that is the sum of the three largest numbers, 2007, 2010, and 2013, from the original
set. Then every multiple of three from 18 to 6030 can be generated by adding three different
numbers from the original set. (There are 2005 multiples of three from 18 to 2010, inclusive.
And each of these can be obtained by adding three distinct numbers from the original set.)
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Problem of the Week

Problem E

Half Truths

!"#$ %&'($)"

Four people, Andy, Barb, Carl and Dana, each said two statements such that:

• one person lied in both statements;

• one person told the truth in both statements; and

• two people told the truth in one statement and a lie in the other
statement.

Andy said,“Barb lied once.” and “Dana lied twice.”

Barb said, “I never lie.” and “Andy never lied.”

Carl said, “Dana lied twice.” and “Barb never lied.”

Dana said, “Andy lied twice.” and “I never lie.”

Who lied twice? Who never lied? Who lied exactly once?
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Problem of the Week

Problem E and Solution

Half Truths

Problem

Four people, Andy, Barb, Carl and Dana, each said two statements such that:

• one person lied in both statements;

• one person told the truth in both statements; and

• two people told the truth in one statement and a lie in the other
statement.

Andy said,“Barb lied once.” and “Dana lied twice.” Barb said, “I never lie.”
and “Andy never lied.” Carl said, “Dana lied twice.” and “Barb never lied.”
Dana said, “Andy lied twice.” and “I never lie.”

Who lied twice? Who never lied? Who lied exactly once?

Solution

1. Who lied twice?

a) Assume that Andy lied twice. If so, “Barb lied once” is a lie.
Therefore, “Barb never lied” or “Barb lied twice.” But “Barb never
lied” cannot be true because Barb says, “Andy never lied.” This
contradicts our assumption that Andy lied twice. “Barb lied twice”
cannot be true since that means Barb and Andy both lied twice and
this contradicts the fact that only one person lied twice. Therefore,
our assumption that Andy lied twice is false.

b) Assume that Barb lied twice. If so, “Andy never lied” is a lie. Then,
Andy lied twice or Andy lied once. Andy cannot have lied twice since
both he and Barb would have lied twice and this contradicts the fact
that only one person lied twice. But “Andy lied once” is also false
since “Barb lied once” is a lie (we assumed she lied twice) and “Dana
lied twice” is a lie because it contradicts the assumption that Barb
lied twice (and only one person can lie twice). Therefore, our
assumption that Barb lied twice is false.
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c) Assume that Carl lied twice. If so, “Barb never lied” is a lie and
“Dana lied twice” is a lie. Since “Barb never lied” is a lie, then she
lied twice or she lied once. But if Barb lied twice our assumption that
Carl lied twice cannot be true since only one person lied twice.

If Barb lied once, then “I never lie” must be the lie and “Andy never
lied” must be true. But if Andy never lied, then “Dana lied twice”
must be true and this contradicts the fact that only one person can lie
twice. Therefore, our assumption that Carl lied twice is false.

We are told that one person lied twice and none of Andy, Barb or Carl
lied twice. Therefore, by elimination, Dana is the one who lied twice.

2. Who never lied?

a) Assume that Barb never lied. Then her statement that “Andy never
lied” must be true. There are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our
assumption that Barb never lied is false.

b) Assume that Carl never lied. Then his statement that “Barb never
lied” must be true. There are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our
assumption that Carl never lied is false.

Dana lied twice. Barb and Carl lied. Therefore, by elimination, Andy is
the one who never lied. It then follows that Barb and Carl each make one
true statement and tell one lie.

We can now check our results.

Andy never lied. Then his statements are both true. Barb lied once is true and
Dana lied twice is true.

Barb lied once. Then one of her statements is true and the other is a lie. Her
statement that she never lies is a lie and her statement that Andy never lies is
true.

Carl lied once. Then one of his statements is true and the other is a lie. His
statement that Dana lied twice is true and his statement that Barb never lied
is a lie.

Dana lied twice. Then both of his statements are lies. Andy lied twice is a lie.
And I (Dana) never lie is a lie.
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Problem of the Week

Problem E

Practice Makes Perfect

The Fine Arts High School Piano Club has 30 student members, some from
Grade 11 and the remainder from Grade 12. Each pair of students from the
club must play a piano duet together over the course of the year. When two
grade 11 students play together, they need 2 hours of practice time. When a
grade 11 and a grade 12 student play together, they need 3 hours of practice
time. When two grade 12 students play together, they need 4 hours of practice
time. In total, the students need 1392 hours of practice time.

How many of the 30 members of the club are Grade 11 students?
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Problem of the Week

Problem E and Solution

Practice Makes Perfect

Problem

The Fine Arts High School Piano Club has 30 student members, some from Grade 11 and the
remainder from Grade 12. Each pair of students from the club must play a piano duet together
over the course of the year. When two grade 11 students play together, they need 2 hours of
practice time. When a grade 11 and a grade 12 student play together, they need 3 hours of
practice time. When two grade 12 students play together, they need 4 hours of practice time.
In total, the students need 1392 hours of practice time. How many of the 30 members of the
club are Grade 11 students?

Solution

First we note the following:

If 3 students {A,B,C} are in the same grade, then there will be 3× 2÷ 2 = 3 duet pairings,
namely {AB}, {AC}, and {BC}. Also, if 3 students {A,B,C} are in one grade and 2 students
{D,E} are in the other grade, then there will be 3× 2 = 6 duet pairings, namely
{AD}, {AE}, {BD}, {BE}, {CD}, and {CE}.
Now, let a represent the number of Grade 11 students in the club and (30− a) represent the
number of Grade 12 students in the club.

In general, since there are a students in Grade 11 and each must play a duet with every other
student in Grade 11, there will be a× (a− 1)÷ 2 duets involving only Grade 11 students.
Similarly, since there are (30− a) students in Grade 12 and each must play a duet with every
other student in Grade 12, there will be (30− a)× (30− a− 1)÷ 2 = (30− a)× (29− a)÷ 2
duets involving only Grade 12 students. Since every Grade 11 student must play a duet with
every Grade 12 student, there will be a× (30− a) duets involving one student from each grade.

To determine the total amount of practice time required, take the number of students in each
type of pairing and multiply by the number of hours of practice time required for each pairing
type.

Total Time = Time for Gr. 11 Pairs + Time for Gr. 12 Pairs + Time for Gr. 11/12 Pairs

1392 = 2

[
a× (a− 1)

2

]
+ 4

[
(30− a)× (29− a)

2

]
+ 3[a× (30− a)]

1392 = a2 − a+ 2(870− 59a+ a2) + 3(30a− a2)

1392 = a2 − a+ 1740− 118a+ 2a2 + 90a− 3a2

1392 = −29a+ 1740

29a = 348

a = 12

Therefore, 12 of the students in the club are in Grade 11.
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Problem of the Week

Problem E

A Better Way

One day Matt was challenged to find the sum of all the three-digit numbers
that could be made by choosing three different digits from the list
{1, 2, 3, 4, 5, 6, 7}.

Unsure of how to proceed, Matt started adding the numbers:

1 2 3
+ 1 2 4

2 4 7
+ 1 2 5

3 7 2
+ 1 2 6

4 9 8
�
�
�

After finding the sum of just the first four possible numbers, Matt concluded
that there had to be a better way.

Using a “better way”, determine the sum of all the three-digit numbers that
can be made by choosing three different numbers from the list
{1, 2, 3, 4, 5, 6, 7}.
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Problem of the Week

Problem E and Solution

A Better Way

Problem

Determine the sum of all the three-digit numbers that can be made by choosing three different
digits from the list {1, 2, 3, 4, 5, 6, 7}.

Solution

We need to first determine how many possible three-digit numbers can be formed using three
different digits from the list {1, 2, 3, 4, 5, 6, 7}. There are 7 choices for the first digit. For each
of these choices, there are 6 choices for the second digit giving a total of 7× 6 = 42 choices for
the first two digits. For each of these 42 choices for the first two digits, there are 5 choices for
the third digit giving a total of 42× 5 = 210 different three-digit numbers.

Each of the numbers 1 to 7 has an equal chance of appearing in each of the hundreds, tens and
ones positions. Therefore, each digit appears 210÷ 7 = 30 times in each place value position.

The sum of the digits in the units position is

30(1) + 30(2) + 30(3) + 30(4) + 30(5) + 30(6) + 30(7)

= 30(1 + 2 + 3 + 4 + 5 + 6 + 7)

= 30(28)

= 840

The units digit of the sum is 0 and 84 is carried to the tens digit column.

The same digits appear in the tens digit column of the sum and again 30 times each. So the
sum of the tens digit column is 924 which is the sum of the digits in the column plus 84 carried
from the units digit column. The tens digit of the sum is 4 and 92 is carried to the hundreds
digit column.

The same digits appear in the hundreds digit column of the sum and again 30 times each. So
the sum of the hundreds digit column is 932 which is the sum of the digits in the column plus
92 carried from the tens digit column. The required sum is therefore 93 240.

The same sum would be obtained by adding 111, 222, 333, 444, 555, 666 and 777, and
multiplying the sum by 30.

30(111 + 222 + 333 + 444 + 555 + 666 + 777)

= 30× 111× (1 + 2 + 3 + 4 + 5 + 6 + 7)

= 3330(28)

= 93 240

It is left to the solver to reason this out.
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Problem of the Week

Problem E

Weird?

Sometimes you come across things that are just plain weird. For example, 512
is a three-digit number with three different digits and (5 + 1 + 2)3 = 512. It
seems a bit weird since the cube of the sum of the three digits in the number
equals the number itself. And, this is the only three-digit number with three
distinct digits that has this property.

It also turns out that there exists exactly one five-digit number, WEIRD, with
distinct digits such that (W + E + I + R + D)3 = WEIRD.

Determine the number.

(1 + 2 + 3 + 4 + 5)3 6= 12345

(2 + 4 + 6 + 8 + 0)3 6= 24680

? ? ? ? ?



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Problem of the Week

Problem E and Solution

Weird?

Problem

Sometimes you come across things that are just plain weird. For example, 512 is a three-digit
number with three different digits and (5 + 1 + 2)3 = 512. It seems a bit weird since the cube
of the sum of the three digits in the number equals the number itself. And, this is the only
three-digit number with three distinct digits that has this property. It also turns out that there
exists exactly one five-digit number, WEIRD, with distinct digits such that
(W + E + I + R + D)3 = WEIRD. Determine the number.

Solution

A straight forward approach to solving this problem is to determine the smallest possible
number and the largest possible number. Then, work at finding the number in that range that
satisfies the given property.

The smallest possible five-digit number with distinct digits is 10 234. The 3
√

10 234 =̇ 21.7 so
the smallest number to consider is 223 = 10 648. The largest sum of five distinct digits is
9 + 8 + 7 + 6 + 5 = 35 so the largest possible number to consider is 353 = 42 875. The answer,
if it exists, is from 223 to 353. We need to examine these cubes to find the solution.

Number Number3 Sum of the Digits Has the Property?
22 10 648 19 no, 22 6= 19
23 12 167 no, digits not distinct
24 13 824 18 no, 24 6= 18
25 15 625 no, digits not distinct
26 17 576 no, digits not distinct
27 19 683 27 Yes, (1 + 9 + 6 + 8 + 3)3 = 19683
28 21 952 no, digits not distinct
29 24 389 26 no, 29 6= 26
30 27 000 no, digits not distinct
31 29 791 no, digits not distinct
32 32 768 26 no, 32 6= 26
33 35 937 no, digits not distinct
34 39 304 no, digits not distinct
35 42 875 26 no, 35 6= 26

Since the problem stated that there was only one such number, we could have stopped when
we found (1 + 9 + 6 + 8 + 3)3 = 19 683 but by completing the chart we showed that, indeed,
there was only one solution.
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Problem of the Week

Problem E

All Time Low

Suppose y = 5x2 + ax+ b, a 6= b, is a parabola that passes through the points
A(a, b) and B(b, a).

Determine the minimum value of the parabola.

!"!#""#$##%$%$"&"%'
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Problem of the Week

Problem E and Solution

All Time Low

Problem

Suppose y = 5x2 + ax + b, a 6= b, is a parabola that passes through the points
A(a, b) and B(b, a). Determine the minimum value of the parabola.

Solution

Since A(a, b) is on the parabola, it satisfies the equation of the parabola. We
can substitute x = a and y = b into the equation y = 5x2 + ax + b.

b = 5a2 + a2 + b

b = 6a2 + b

0 = 6a2

0 = a2

0 = a

The equation becomes y = 5x2 + 0x + b or simply y = 5x2 + b.

Since B(b, a) is on the parabola, it satisfies the equation of the parabola. We
can substitute x = b and y = a = 0 into the equation y = 5x2 + b.

0 = 5b2 + b

0 = b(5b + 1)

b = 0 or 5b + 1 = 0

b = −1

5

Since a 6= b and a = 0, then b = 0 is inadmissible. Therefore, b = −1
5 and the

equation becomes y = 5x2 − 1
5 . The vertex of the parabola is

(
0,−1

5

)
and so

the minimum value is −1
5 .
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Problem of the Week

Problem E

Reaching New Altitudes

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle.
AQ, BR, and CP are altitudes with lengths 21 cm, 24 cm, and 56 cm,
respectively.

Determine the size of ∠ABC.

!

" #

$

%

&

The diagram is not necessarily drawn to scale.
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Problem of the Week

Problem E and Solution

Reaching New Altitudes

Problem

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle. AQ, BR, and CP are
altitudes with lengths 21 cm, 24 cm, and 56 cm, respectively. Determine the size of ∠ABC.

!

" #

$

%

&

Solution

Let BC = a, AC = b and AB = c.

We can find the area of the triangle by multiplying the length of the altitude (the height) by
the corresponding base and dividing by 2. Therefore,

AQ×BC

2
=

BR× AC

2
=

CP × AB

2

But AQ = 21, BC = a, BR = 24, AC = b, CP = 56, and AB = c. Multiplying through by 2
and substituting we obtain

21a = 24b = 56c.

From 21a = 24b we obtain b = 21
24
a = 7

8
a and from 21a = 56c we obtain c = 21

56
a = 3

8
a. The ratio

of the sides in 4ABC is a : b : c = a : 7
8
a : 3

8
a = 8 : 7 : 3. Let BC = 8x, AC = 7x, and

AB = 3x, x > 0.

Using the cosine law, AC2 = AB2 + CB2 − 2(AB)(CB) cos(∠ABC)

(7x)2 = (3x)2 + (8x)2 − 2(3x)(8x) cos(∠ABC)

49x2 = 9x2 + 64x2 − 48x2 cos(∠ABC)

Dividing by x2 since x > 0, 49 = 73− 48 cos(∠ABC)

Rearranging, 48 cos(∠ABC) = 24

cos(∠ABC) =
1

2
∴ ∠ABC = 60◦

Although not required, we could find the lengths of the sides in the triangle. These calculations
are shown on the next page.
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In right 4BPC,

PC

BC
= sin 60◦

BC =
PC

sin 60◦

BC =
56
√
3
2

BC =
112√

3
×
√

3√
3

BC =
112
√

3

3
But BC = 8x

∴ 8x =
112
√

3

3

x =
14
√

3

3

3x = 14
√

3

7x =
98
√

3

3

The side lengths of 4ABC are AB = 3x = 14
√

3, AC = 7x = 98
√
3

3
and BC = 112

√
3

3
.
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Problem of the Week

Problem E

Another Cut

You are given 100 cm of rope and are asked to cut the rope exactly once so
that:

1. You have two pieces.

2. The first piece is used to form a rectangle with one side 8 cm long.

3. The second piece is used to form a square.

4. The area of the square and the area of the rectangle are equal.

Where should the cut be made?
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Problem of the Week

Problem E and Solution

Another Cut

Problem

You are given 100 cm of rope and are asked to cut the rope exactly once so that:

1. You have two pieces.

2. The first piece is used to form a rectangle with one side 8 cm long.

3. The second piece is used to form a square.

4. The area of the square and the area of the rectangle are equal.

Where should the cut be made?

Solution

Let the length of the piece of rope used to form the square be 4x cm. This would be the
perimeter of the square. Then the side length of the square would be 4x÷ 4 = x cm. The area
of the square is (x)(x) = (x2) cm2. (1)

The length of the piece of rope used to form the rectangle is (100 − 4x) cm. This would be the
perimeter of the rectangle. If the width of the rectangle is 8 cm, then there are
100 − 4x− 8 − 8 = (84 − 4x) cm left to form the lengths of the two other sides of the rectangle.
Therefore, the length of the rectangle is 84−4x

2
= (42 − 2x) cm. The area of the rectangle is

(8)(42 − 2x) = (336 − 16x) cm2. (2)

But the area of the square equals the area of the rectangle, so by equating (1) and (2) we
obtain:

x2 = 336 − 16x

x2 + 16x− 336 = 0

(x− 12)(x + 28) = 0

x = 12 or x = −28

Since x is the length of the side of the square, x = −28 is inadmissible. ∴ x = 12 cm. The area
of the square is 12 × 12 = 144 cm2. The length of the rectangle is 42 − 2x = 42 − 24 = 18 cm.
The area of the rectangle is 18 × 8 = 144 cm2. (These calculations were not required but are
provided as a check of the correctness of the result.)

Then 4x = 4(12) = 48 cm. The cut should be made 48 cm from one end creating a 52 cm piece
for the rectangle and a 48 cm piece for the square.
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Problem of the Week

Problem E

Just Passing Through The Sector

In the diagram, MON is a sector of a circle with radius ON which is 6 cm
long. If ∠MON = 60◦, determine the radius of the circle which passes through
the points M , N , and O.

!
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Problem of the Week

Problem E and Solution

Just Passing Through The Sector

Problem

In the diagram, MON is a sector of a circle with radius ON which is 6 cm long. If
∠MON = 60◦, determine the radius of the circle which passes through the points M , N ,
and O.

Solution

Let C be the centre of the circle that passes through M , N , and O. Then CM , CN , and CO
are radii. Therefore, CM = CN = CO = r.

In 4CMO and 4CNO, CM = CN , CO is common and OM = ON . Therefore,
4CMO ∼= 4CNO and it follows that ∠COM = ∠CON . But ∠MON = 60◦. Therefore,
∠COM = ∠CON = 30◦.

In 4CMO, CM = CO = r and 4CMO is isosceles. Therefore, ∠CMO = ∠COM = 30◦ and
∠MCO = 180◦ − 30◦ − 30◦ = 120◦.

Method 1: Using the sine law,

CM

sin (∠COM)
=

OM

sin (∠MCO)
r

sin 30◦
=

6

sin 120◦

r =
6

sin 120◦
× sin 30◦

r =
6
√
3
2

× 1

2

r = 6× 2√
3
× 1

2

r =
6√
3
×
√
3√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Method 2: Using the cosine law,

CM2 = CO2 +MO2 − 2× CO ×MO × cos (∠COM)

r2 = r2 + 62 − 2(6)(r) cos 30◦

12r cos 30◦ = 36

r cos 30◦ = 3

r ×
√
3

2
= 3

r ×
√
3 = 6

r ×
√
3×
√
3 = 6×

√
3

3r = 6
√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Problem of the Week

Problem E

Come Home on Time

A helicopter leaves a boat and flies due north at a speed of 200 km/h. The boat
proceeds 60◦ west of south at a speed of 34 km/h. The helicopter has enough
fuel for five hours of flying and it maintains a constant speed of 200 km/h.

What is the maximum distance north the helicopter pilot can travel, so that
the fuel remaining will allow a safe return to the boat?
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Problem of the Week

Problem E and Solutions

Come Home on Time

Problem

A helicopter leaves a boat and flies due north at a speed of 200 km/h. The boat proceeds 60◦

west of south at a speed of 34 km/h. The helicopter has enough fuel for five hours of flying.
What is the maximum distance north the helicopter pilot can travel, so that the fuel remaining
will allow a safe return to the boat?

Solution 1

We know that the total time available is 5 hours and in that time the boat will travel
5× 34 = 170 km.

Let t represent the time, in hours, that the helicopter travels due north. Then, the helicopter
will have (5− t) hours to return to the boat. The helicopter will fly 200t km due north and
200(5− t) = (1000− 200t) km in a direction which allows the helicopter to return to the boat.

On the diagram, O represents the point at which the helicopter leaves the boat, A represents
the farthest point north that the helicopter reaches and B represents the point that the boat
reaches in 5 hours. ∠AOB = 180◦ − 60◦ = 120◦. So OA = 200t km, OB = 170 km, and
AB = (1000− 200t) km. If we let d = 200t, we can simplify OA to d and AB to (1000− d).

Using the cosine law,

AB2 = OA2 +OB2 − 2(OA)(OB) cos(∠AOB)

(1 000− d)2 = d2 + 1702 − 2(170)(d) cos(120◦)

1 000 000− 2 000d+ d2 = d2 + 28 900− 340d

(
−1

2

)
1 000 000− 2 000d = 28 900 + 170d

−2 170d = −971 100

d =
971 100

2 170

d =̇ 447.51 km

The plane can travel about 447 km north before it must return to the
final location of the boat. Since d = 200t, t = d ÷ 200 =̇ 2 h 14 min.
(Both the distance and the time have been rounded down to allow for a
safe return.) In terms of time, the pilot can fly north for about 2 hours
and 14 minutes before having to return to the ship.
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Solution 2

Let t represent the maximum time that the helicopter can travel north. Let O represent the
point where the helicopter leaves the boat. Let A represent the most northerly point to which
the helicopter could fly to before it must return to the boat. Let B represent the location of
the boat after it travels five hours.

As in solution 1, we determine that the boat travels 5× 34 = 170 km in five hours. In terms of
the coordinate plane, we know that the boat is travelling through the third quadrant at an
angle of 60◦ from the negative y-axis and 30◦ from the negative x-axis. The standard position
angle related to these two angles would be 180◦ + 30◦ = 210◦. We can determine the
coordinates of B, the location of the boat after travelling 5 hours, using x = r cos θ and
y = r sin θ, where r = 170 and θ = 210◦.

x = r cos θ = 170 cos 210◦ = 170

(
−
√

3

2

)
= −85

√
3

y = r sin θ = 170 sin 210◦ = 170

(
−1

2

)
= −85

The coordinates of B are
(
−85
√

3,−85
)
.

Since the helicopter is travelling due north at 200 km/h for t hours, it travels 200t km and the
coordinates of A are (0, 200t). We can now calculate the distance from A(0, 200t) to
B(−85

√
3,−85).

(AB)2 =
(

0− (−85
√

3)
)2

+ (200t− (−85))2

= (85
√

3)2 + (200t+ 85)2

= 7 225(3) + 40 000t2 + 34 000t+ 7 225

= 21 675 + 40 000t2 + 34 000t+ 7 225

= 40 000t2 + 34 000t+ 28 900

= 100(400t2 + 340t+ 289)

AB = 10
√

400t2 + 340t+ 289, AB > 0

The time from A to B would be 10
√
400t2+340t+289

200
=
√
400t2+340t+289

20
. We

already know that the time from O to A is t and that the total time
is 5 hours. Then,

t+

√
400t2 + 340t+ 289

20
= 5

20t+
√

400t2 + 340t+ 289 = 100√
400t2 + 340t+ 289 = 100− 20t

Squaring both sides, 400t2 + 340t+ 289 = 10 000− 4 000t+ 400t2

4340t = 9 711

t =
9 711

4 340

The maximum distance the helicopter can travel north is 200t =
971 100

2 170
=̇ 447.51 km and the

helicopter should not go north for more than 2 hours and 14 minutes.
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Problem of the Week

Problem E

Space Left Over

BCDE is a square with sides of length 20 cm. DE is extended to F such that
the area of 4CDF is twice the area of the square. The figure BCDEFG is
enclosed in a circle with diameter CF and point D on the circumference of the
circle. (The diagram represents the information from the problem but is not
drawn to scale.)

Determine the area inside the circle but outside figure BCDEFG.

!

" #

$

%

&

We know that this circle can be drawn because of a property of circles: The
angle inscribed in a semi-circle is 90◦. In this case, ∠CDF = 90◦ and CF is
the diameter.
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Problem of the Week

Problem E and Solution

Space Left Over

Problem

BCDE is a square with sides of length 20 cm. DE is
extended to F such that the area of 4CDF is twice the
area of the square. The figure BCDEFG is enclosed in a
circle with diameter CF and point D on the circumference
of the circle. (The diagram represents the information
from the problem but is not drawn to scale.) Determine
the area inside the circle but outside figure BCDEFG.

!

" #

$

%

&

Solution

To find the area of the unshaded region, we need to find the area of the circle
and subtract the area of the shaded figure BCDEFG. To find the area of the
circle we need the radius, which is half the length of diameter CF . To find the
area of the shaded figure, we need to find the areas of square BCDE and
4GEF . We will need to find the length of GE.

Area of Square BCDE = 20× 20 = 400 cm2

Area of 4CDF = 2× Area of Square BCDE = 800 cm2

But Area of 4CDF = (CD)(DF )÷ 2

∴ 800 = (20)(DF )÷ 2

DF = 80 cm

Then EF = DF − ED = 80− 20 = 60 cm.

Since ∠FEG = ∠FDC = 90◦ and ∠GFE = ∠CFD, then 4FGE ∼ 4FCD.

∴
EF

DF
=

GE

CD
60

80
=

GE

20

GE = 15 cm
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Since 4FCD is right angled, FC2 = CD2 +DF 2

= 202 + 802

= 6800

FC = 20
√

17 cm

But FC is the diameter of the circle so the radius, r, is 10
√

17.

Unshaded Area = Area of Circle− Area of BCDEFG

= Area of Circle− (Area of Square BCDE + Area of 4FGE)

= πr2 − (lw + bh÷ 2)

= π(10
√

17)2 − (20× 20 + 15× 60÷ 2)

= 1700π − 400− 450

= (1700π − 850) cm2

The area inside the circle but outside the shaded figure is (1700π − 850) cm2 or
approximately 4 491 cm2.



WWW.CEMC.UWATERLOO.CA | The CENTRE for EDUCATION in MATHEMATICS and COMPUTING

Problem of the Week

Problem E

Stained Glass Window

The diagram represents a large semicircular stained glass window. The
diameter of the largest semicircle is 5 m, the diameter of the middle semicircle
is 3 m, and the diameter of the smallest semicircle is 1 m. All of the blue areas,
marked B, are equal and all of the red areas, marked R, are equal.

Determine the ratio of one area marked R to one area marked B.

! "#$%&

'
(

' '( (
( (
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Problem of the Week

Problem E and Solution

Stained Glass Window

Problem

The diagram represents a large semicircular stained
glass window. The diameter of the largest semicircle is
5 m, the diameter of the middle semicircle is 3 m, and
the diameter of the smallest semicircle is 1 m. All of the
blue areas, marked B, are equal and all of the red areas,
marked R, are equal. Determine the ratio of one area
marked R to one area marked B.

!
"

! !" "
" "

# $%&'(

!
"

! !" "
" "

Solution

Make a copy of the window and flip it over. Attach the two halves at the
diameter creating a circular window. The ratio of area R to area B will remain
unchanged. This construction is not necessary but it allows us to find the area
of circles rather than semicircles.

The smallest circle has diameter 1 m and radius 1
2 m. The area of the small

circle is π(12)2 = 1
4π m2.

The middle circle has diameter 3 m and radius 3
2 m. The area of the middle

circle is π(32)2 = 9
4π m2. But the area of the middle circle is made up of six

areas marked R plus the small inner circle. Therefore,

6R +
1

4
π =

9

4
π

6R =
9

4
π − 1

4
π

6R =
8

4
π

6R = 2π

R =
π

3
m2
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The large circle has diameter 5 m and radius 5
2 m. The area of the large circle

is π(52)2 = 25
4 π m2. But the area of the large circle is made up of ten areas

marked B plus the area of the middle circle calculated earlier. Therefore,

10B +
9

4
π =

25

4
π

10B =
25

4
π − 9

4
π

10B =
16

4
π

10B = 4π

B =
2π

5
m2

The ratio of one red area R to one blue area B is now easily calculated.

R : B =
π

3
:

2π

5

=
5π

15
:

6π

15

= 5 : 6

The ratio of area R to area B is 5:6. In other words, one area R is five-sixths of
one area B.
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Problem of the Week

Problem E

The Missing Radius

A circle with centre O is drawn with points P, Q, and S on the circumference
such that PQ = PS = 12 m. PO is extended to meet QS at R such that
PR ⊥ QS and OR = 1 m.

Determine the radius of the circle.

!"
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Problem of the Week

Problem E and Solution

The Missing Radius

Problem

A circle with centre O is drawn with points P, Q, and S on the
circumference such that PQ = PS = 12 m. PO is extended to
meet QS at R such that PR ⊥ QS and OR = 1 m. Determine
the radius of the circle.

Solution

Since O is the centre of a circle that passes through
P, Q, and S, then OP , OQ, and OS are radii. Then
OP = OQ = OS = x, x > 0. Let SR = y.

!"

#

$

%

!"#$

!"#$ !#$

& '

&

4SPR is right angled at R. Using the Pythagorean Theorem,

PR2 +RS2 = PS2

(PO +OR)2 +RS2 = PS2

(x+ 1)2 + y2 = 122 (1)

4SOR is right angled at R. Using the Pythagorean Theorem,

OR2 +RS2 = OS2

12 + y2 = x2

y2 = x2 − 1

Substitute for y2 in (1): (x+ 1)2 + x2 − 1 = 122

x2 + 2x+ 1 + x2 − 1 = 144

2x2 + 2x− 144 = 0

x2 + x− 72 = 0

(x− 8)(x+ 9) = 0

x = 8 or x = −9

Since x > 0, x = −9 is inadmissible. Therefore, x = 8. But x is the radius of the circle.

∴ the radius of the circle is 8 m.
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Problem of the Week

Problem E

Not Quite Square On

Square ABCD has sides of length 14 cm. The square is not centered on the
circle. It is offset in such a way that A and D are on the circle and side BC is
tangent to the circle at point P .

Determine the radius of the circle.

! "

#$

%

For this problem, the following known result about circles may be useful:

• If a line is tangent to a circle, it is perpendicular to the radius drawn to
the point of tangency.
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Problem of the Week

Problem E and Solution

Not Quite Square On

Problem

Square ABCD has sides of length 14 cm. The square is not centered on the circle. It is offset
in such a way that A and D are on the circle and side BC is tangent to the circle at point P .
Determine the radius of the circle. ! "

#$

%

&
&

'()&
&

!

!
*+

Solution

The above diagram will be justified in the solution.

Let O be the centre of the circle and r be the radius.

Construct line segment PQ perpendicular to CB with P on side BC and Q on side AD of the
square. Since CB is tangent to the circle, PQ must pass through the centre of the circle, O.
Therefore PO = r.

Since PQ ⊥ BC, PQ ‖ AB and PQ = AB = 14, then OQ = PQ−OP = 14− r.

Since A and D are on the circle, therefore AO = DO = r.

Using the Pythagorean Theorem, AQ2 = AO2 −OQ2 = r2 − (14− r)2 and
DQ2 = DO2 −OQ2 = r2 − (14− r)2. Therefore AQ2 = DQ2 and AQ = DQ follows. Since
AQ = DQ and AQ + QD = AD = 14, we can substitute to obtain AQ + AQ = 2AQ = 14 or
AQ = 7.

Using the Pythagorean Theorem in 4AQO,

AO2 = AQ2 + QO2

r2 = 72 + (14− r)2

r2 = 49 + 196− 28r + r2

28r = 245

r =
245

28

r =
35

4
r = 8.75 cm

The radius of the circle is
35

4
cm or 8.75 cm.
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Problem of the Week

Problem E

Reaching New Altitudes

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle.
AQ, BR, and CP are altitudes with lengths 21 cm, 24 cm, and 56 cm,
respectively.

Determine the size of ∠ABC.

!

" #

$

%

&

The diagram is not necessarily drawn to scale.
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Problem of the Week

Problem E and Solution

Reaching New Altitudes

Problem

In 4ABC, ∠BAC is the largest angle and ∠ACB is the smallest angle. AQ, BR, and CP are
altitudes with lengths 21 cm, 24 cm, and 56 cm, respectively. Determine the size of ∠ABC.

!

" #

$

%

&

Solution

Let BC = a, AC = b and AB = c.

We can find the area of the triangle by multiplying the length of the altitude (the height) by
the corresponding base and dividing by 2. Therefore,

AQ×BC

2
=

BR× AC

2
=

CP × AB

2

But AQ = 21, BC = a, BR = 24, AC = b, CP = 56, and AB = c. Multiplying through by 2
and substituting we obtain

21a = 24b = 56c.

From 21a = 24b we obtain b = 21
24
a = 7

8
a and from 21a = 56c we obtain c = 21

56
a = 3

8
a. The ratio

of the sides in 4ABC is a : b : c = a : 7
8
a : 3

8
a = 8 : 7 : 3. Let BC = 8x, AC = 7x, and

AB = 3x, x > 0.

Using the cosine law, AC2 = AB2 + CB2 − 2(AB)(CB) cos(∠ABC)

(7x)2 = (3x)2 + (8x)2 − 2(3x)(8x) cos(∠ABC)

49x2 = 9x2 + 64x2 − 48x2 cos(∠ABC)

Dividing by x2 since x > 0, 49 = 73− 48 cos(∠ABC)

Rearranging, 48 cos(∠ABC) = 24

cos(∠ABC) =
1

2
∴ ∠ABC = 60◦

Although not required, we could find the lengths of the sides in the triangle. These calculations
are shown on the next page.
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In right 4BPC,

PC

BC
= sin 60◦

BC =
PC

sin 60◦

BC =
56
√
3
2

BC =
112√

3
×
√

3√
3

BC =
112
√

3

3
But BC = 8x

∴ 8x =
112
√

3

3

x =
14
√

3

3

3x = 14
√

3

7x =
98
√

3

3

The side lengths of 4ABC are AB = 3x = 14
√

3, AC = 7x = 98
√
3

3
and BC = 112

√
3

3
.
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Problem of the Week

Problem E

Just Passing Through The Sector

In the diagram, MON is a sector of a circle with radius ON which is 6 cm
long. If ∠MON = 60◦, determine the radius of the circle which passes through
the points M , N , and O.

!
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Problem of the Week

Problem E and Solution

Just Passing Through The Sector

Problem

In the diagram, MON is a sector of a circle with radius ON which is 6 cm long. If
∠MON = 60◦, determine the radius of the circle which passes through the points M , N ,
and O.

Solution

Let C be the centre of the circle that passes through M , N , and O. Then CM , CN , and CO
are radii. Therefore, CM = CN = CO = r.

In 4CMO and 4CNO, CM = CN , CO is common and OM = ON . Therefore,
4CMO ∼= 4CNO and it follows that ∠COM = ∠CON . But ∠MON = 60◦. Therefore,
∠COM = ∠CON = 30◦.

In 4CMO, CM = CO = r and 4CMO is isosceles. Therefore, ∠CMO = ∠COM = 30◦ and
∠MCO = 180◦ − 30◦ − 30◦ = 120◦.

Method 1: Using the sine law,

CM

sin (∠COM)
=

OM

sin (∠MCO)
r

sin 30◦
=

6

sin 120◦

r =
6

sin 120◦
× sin 30◦

r =
6
√
3
2

× 1

2

r = 6× 2√
3
× 1

2

r =
6√
3
×
√
3√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Method 2: Using the cosine law,

CM2 = CO2 +MO2 − 2× CO ×MO × cos (∠COM)

r2 = r2 + 62 − 2(6)(r) cos 30◦

12r cos 30◦ = 36

r cos 30◦ = 3

r ×
√
3

2
= 3

r ×
√
3 = 6

r ×
√
3×
√
3 = 6×

√
3

3r = 6
√
3

r = 2
√
3 cm

!

"

#$

!"#$!"#$

%

The radius of the circle that passes through M , N , and O is 2
√
3 cm.
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Problem of the Week

Problem E

Propped Parallelogram

A parallelogram, ABCD, is propped up so that A lies on the positive y-axis, D
is on the positive x-axis, and B and C lie in the first quadrant. Three of its
vertices, A, B, and D are located at (0, 30), (k, 50) and (40, 0), respectively.
The area of ABCD is 1340 units2. If k > 0, determine the coordinates of B
and C.
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Problem of the Week

Problem E and Solution

Propped Parallelogram

Problem

A parallelogram, ABCD, is propped up so that A lies on the positive y-axis, D is on the
positive x-axis, and B and C lie in the first quadrant. Three of its vertices, A, B, and D are
located at (0, 30), (k, 50) and (40, 0), respectively. The area of ABCD is 1340 units2. If k > 0,
determine the coordinates of B and C.

Solution

Since ABCD is a parallelogram, AB = DC and AB ‖ DC. We can use this to find the
coordinates of C. To get from A to B, we go up 20 units and right k units. Therefore, to get
from D to C we do the same. C is located at (40 + k, 20).

In the solution, we will use a method known commonly as “completing the rectangle”.

Enclose ABCD in rectangle OEFG such that OE is on the positive y-axis passing through A,
EF is parallel to the positive x-axis passing through B, FG is parallel to the positive y-axis
passing through C, and OG lies along the positive x-axis passing through D.

This information is presented on the following diagram.
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The y coordinate of B is the distance from the x-axis to EF and also the height, GF , of
rectangle OEFG. It follows that GF = 50 units. Similarly, the x coordinate of C is the
distance from the y-axis to GF and also the width, OG, of rectangle OEFG. It follows that
OG = (40 + k) units. The other dimensions follow. (This information is already marked on the
above diagram.)
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The diagram from the first page is repeated here.
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We can now put the information together using areas to determine the value of k.

Area OEFG = Area 4AEB + Area 4BFC + Area 4CGD + Area 4DOA + Area ABCD

FG×OG =
AE × EB

2
+

BF × FC

2
+

CG×GD

2
+

DO ×OA

2
+ 1340

50× (40 + k) =
20× k

2
+

40× 30

2
+

20× k

2
+

40× 30

2
+ 1340

2000 + 50k = 10k + 600 + 10k + 600 + 1340

2000 + 50k = 20k + 2540

30k = 540

k = 18

Therefore the value of k is 18 and coordinates of B and C are B(18, 50) and C(58, 20),
respectively.

The solver may have approached the problem using linear equations and intersections. This is
a very acceptable solution to the problem. However, in this problem, that approach probably
would involve considerably more work.
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Problem of the Week

Problem E

Cornered

A rectangular piece of paper is 30 cm wide and 40 cm long. The paper has a
pattern on one side and is plain on the other. The paper is folded so that the
two diagonally opposite corners, A and C, coincide. (This is illustrated on the
diagram to the right.)

!

" #

$

%

&

'

!

" #

$

Determine the length of the crease, FE, created by the fold.
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Problem of the Week

Problem E and Solution

Cornered

Problem

A rectangular piece of paper is 30 cm wide and 40 cm long. The paper has a pattern on one
side and is plain on the other. The paper is folded so that the two diagonally opposite corners,
A and C, coincide. Determine the length of the crease, FE, created by the fold.

Solution

After the fold, C coincides with A and D folds to G. The angle at G is the same as the angle
at D. Since ABCD is a rectangle, ∠ADC = 90◦ and it follows that ∠AGF = 90◦.

Let a represent the length of BE and b represent the length of FD.
Then EC = CB −BE = 40− a and AF = AD − FD = 40− b.

The distance from the top of the crease at F to D is the same length as the distance from F to
G. It follows that FG = FD = b.

The distance from the bottom of the crease at E to C is the same length as the distance from
E to A. It follows that AE = EC = 40− a.

All of the information is recorded on the following diagram.
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Since 4ABE and 4AGF are both right angled, we can use the Pythagorean Theorem to find
a and b.

BE2 + AB2 = AE2 and FG2 + AG2 = AF 2

a2 + 302 = (40− a)2 b2 + 302 = (40− b)2

a2 + 900 = 1600− 80a + a2 b2 + 900 = 1600− 80b + b2

80a = 700 80b = 700

a =
35

4
b =

35

4

∴ a = b =
35

4

We still need to find the length of the crease.
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From F drop a perpendicular to BC intersecting at H. FHCD is a rectangle. It follows that
FH = DC = 30 and HC = FD = b.

Also, EH = BC −BE −HC = 40− a− b = 40− 35

4
− 35

4
=

90

4
=

45

2
.

Using the Pythagorean Theorem in 4EFH,

EF 2 = FH2 + EH2

= 302 +

(
45

2

)2

= 900 +
2025

4

=
5625

4

EF =
75

2
(EF > 0)

The length of the crease is
75

2
cm (37.5 cm).
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Problem of the Week

Problem E

Going Around in Circles

Two circles, with diameters AB and BC, respectively, are tangent to each
other at point B. A third circle with diameter AC is drawn so that it is
tangent to the larger inside circle at A and the smaller inside circle at C. From
a point E on the circumference of the outer circle a line segment is drawn to B
such that EB ⊥ AC and EB =

√
3 units.

Determine the area of the shaded region. That is, determine the area outside
of the two inner circles but inside the outer circle.

B
C

E

3

A

It is known that the angle inscribed in a semi-circle by the diameter is 90◦. In
the following diagram, PQ is a diameter and ∠PRQ is inscribed in the
semi-circle by diameter PQ. Therefore, ∠PRQ = 90◦.

P Q

R
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Problem of the Week

Problem E and Solution

Going Around in Circles

Problem

Two circles, with diameters AB and BC, respectively, are tangent to each other at point B. A
third circle with diameter AC is drawn so that it is tangent to the larger inside circle at A and
the smaller inside circle at C. From a point E on the circumference of the outer circle a line
segment is drawn to B such that EB ⊥ AC and EB =

√
3 units. Determine the area of the

shaded region. That is, determine the area outside of the two inner circles but inside the outer
circle.

Solution

Join A to E and E to C. Since AC is a diameter and ∠AEC is inscribed in the circle by that
diameter, ∠AEC = 90◦.

Let the radius of the smaller inside circle be r. Then the diameter of the smaller inside circle is
BC = 2r. Let the radius of the larger inside circle be R. Then the diameter of the larger inside
circle is AB = 2R.

Since BE ⊥ AC, ∠ABE = ∠CBE = 90◦. We will use the Pythagorean Theorem in the three
right triangles, 4ABE, 4CBE, and 4AEC, to establish a relationship between R and r.

All of the information is marked on the following diagram.

A
B

C

E

3

D=2R d=2r

In 4ABE, AE2 = AB2 + EB2 = (2R)2 + (
√

3)2 = 4R2 + 3.

In 4CBE, EC2 = BC2 + EB2 = (2r)2 + (
√

3)2 = 4r2 + 3.

In 4AEC, AC2 = AE2 + EC2 = (4R2 + 3) + (4r2 + 3) = 4R2 + 4r2 + 6.

But AC2 = (AB +BC)2 = (2R + 2r)2 = (2R + 2r)(2R + 2r) = 4R2 + 8Rr + 4r2

∴ 4R2 + 8Rr + 4r2 = 4R2 + 4r2 + 6 and 8Rr = 4 or Rr =
3

4
follows.
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A
B

C

E

3

D=2R d=2r

The relationship Rr =
3

4
could also be established using similar triangles as follows:

In 4AEB, ∠EAB + ∠AEB = 90◦ (1). Since ∠AEC = 90◦, ∠AEB + ∠BEC = 90◦ (2).

In (1) and (2), the right side of each equation is 90◦. We can then equate the left sides.
Therefore, ∠EAB + ∠AEB = ∠AEB + ∠BEC. Since ∠AEB is common to both sides, the
equation simplifies to ∠EAB = ∠BEC.

Now ∠EAB = ∠BEC and ∠EBA = ∠EBC = 90◦. Therefore, 4ABE ∼ 4EBC. From
triangle similarity,

AB

EB
=

EB

CB
2R√

3
=

√
3

2r

4Rr = 3

Rr =
3

4

The radius of the smaller inner circle is r, the radius of the larger inner circle is R, and the
radius of the outer circle is (R + r). We can now find the shaded area

Shaded Area = Area Outer Circle− Area Larger Inner Circle− Area Smaller Inner Circle

= π × (R + r)2 − π ×R2 − π × r2

= π × (R2 + 2Rr + r2)− πR2 − πr2

= πR2 + 2πRr + πr2 − πR2 − πr2

= 2πRr but Rr =
3

4

= 2π × 3

4

=
3π

2

Therefore, the shaded area is
3π

2
units2.
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Problem of the Week

Problem E

Space Left Over

BCDE is a square with sides of length 20 cm. DE is extended to F such that
the area of 4CDF is twice the area of the square. The figure BCDEFG is
enclosed in a circle with diameter CF and point D on the circumference of the
circle. (The diagram represents the information from the problem but is not
drawn to scale.)

Determine the area inside the circle but outside figure BCDEFG.

!

" #

$

%

&

We know that this circle can be drawn because of a property of circles: The
angle inscribed in a semi-circle is 90◦. In this case, ∠CDF = 90◦ and CF is
the diameter.
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Problem of the Week

Problem E and Solution

Space Left Over

Problem

BCDE is a square with sides of length 20 cm. DE is
extended to F such that the area of 4CDF is twice the
area of the square. The figure BCDEFG is enclosed in a
circle with diameter CF and point D on the circumference
of the circle. (The diagram represents the information
from the problem but is not drawn to scale.) Determine
the area inside the circle but outside figure BCDEFG.

!

" #

$

%

&

Solution

To find the area of the unshaded region, we need to find the area of the circle
and subtract the area of the shaded figure BCDEFG. To find the area of the
circle we need the radius, which is half the length of diameter CF . To find the
area of the shaded figure, we need to find the areas of square BCDE and
4GEF . We will need to find the length of GE.

Area of Square BCDE = 20× 20 = 400 cm2

Area of 4CDF = 2× Area of Square BCDE = 800 cm2

But Area of 4CDF = (CD)(DF )÷ 2

∴ 800 = (20)(DF )÷ 2

DF = 80 cm

Then EF = DF − ED = 80− 20 = 60 cm.

Since ∠FEG = ∠FDC = 90◦ and ∠GFE = ∠CFD, then 4FGE ∼ 4FCD.

∴
EF

DF
=

GE

CD
60

80
=

GE

20

GE = 15 cm
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Since 4FCD is right angled, FC2 = CD2 +DF 2

= 202 + 802

= 6800

FC = 20
√

17 cm

But FC is the diameter of the circle so the radius, r, is 10
√

17.

Unshaded Area = Area of Circle− Area of BCDEFG

= Area of Circle− (Area of Square BCDE + Area of 4FGE)

= πr2 − (lw + bh÷ 2)

= π(10
√

17)2 − (20× 20 + 15× 60÷ 2)

= 1700π − 400− 450

= (1700π − 850) cm2

The area inside the circle but outside the shaded figure is (1700π − 850) cm2 or
approximately 4 491 cm2.
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Problem of the Week

Problem E

Another Sum to 1000

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

The diagram below illustrates a mathematical short form for writing the above
sum. The notation is called Sigma Notation.

!!"!##

$%

!!!"!!&%%%

In this week’s Problem D, solvers were asked, using two or more numbers, to
determine the smallest number of consecutive whole numbers that could be
used to sum to exactly 1000.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum.

Determine the smallest of the numbers in the sum.

In this week’s Problem C and Problem D we also explore the ideas covered in
this problem.
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Problem of the Week

Problem E and Solutions

Another Sum to 1000

Problem

Did you know that 1000 can be written as the sum of 16 consecutive whole
numbers? That is,

1000 = 55+56+57+58+59+60+61+62+63+64+65+66+67+68+69+70.

It is also possible to write 1000 as a sum of 25 consecutive whole numbers.
This is the maximum number of consecutive whole numbers that could be used
to create the sum. Determine the smallest of the numbers in the sum.

Solution 1

Let n, n + 1, n + 2, · · · , n + 23, n + 24 represent the 25 consecutive whole
numbers. Then,

n + n + 1 + n + 2 + · · · + n + 23 + n + 24 = 1000

25n + (1 + 2 + 3 + · · · + 23 + 24) = 1000

25n + 300 = 1000 (See note below.)

25n = 700

n = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum 1 + 2 + 3 + · · · + 23 + 24 can be calculated in a variety of ways. It is
an arithmetic series with first term a = 1, common difference d = 1, and the
number of terms n = 24.

Using Sn =
n

2
[2a + (n− 1)d], S24 =

24

2
[2(1) + (23)(1)] = 12(25) = 300.

It is also known that the sum of the first n natural numbers can be calculated

using the formula
n(n + 1)

2
. Using the formula with n = 24, the sum is

24 × 25

2
= 300.
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Solution 2

Let n represent the middle number of the 25 consecutive whole numbers. Then
there are 12 numbers below the average with the smallest number being
(n− 12) and 12 numbers above the average with the largest number being
(n + 12).

(n− 12) + (n− 11) +· · ·+ (n− 2) + (n− 1) + n

+ (n + 1) + (n + 2) +· · ·+ (n + 11) + (n + 12) = 1000

25n = 1000 (See note below.)

n = 40

n− 12 = 28

∴ the smallest number in the sum of 25 consecutive whole numbers is 28.

Note:

The sum simplifies to 25n = 1000 because for each positive integer 1 to 12 in
the sum the opposite integer -1 to -12 also appears.

Then (1 + 2 + · · · + 11 + 12) + (−1 − 2 − · · · − 11 − 12) = 0.

Solution 3

In Problem C this week, the solvers were asked to express 220 as the sum of
five consecutive whole numbers. As part of the solution, they discovered that
the average was a whole number and that there would be two consecutive
whole numbers above the average and two consecutive whole numbers below
the average.

In this problem, we want to express 1000 as the sum of 25 consecutive whole
numbers. The average, 1000 ÷ 25 = 40, is a whole number. There will be
twelve consecutive whole numbers above the average and twelve consecutive
whole numbers below the average. The smallest number will therefore be
40 − 12 = 28.

Solution 2 is actually a mathematical justification for this result.
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Problem of the Week

Problem E

A Little Bit Puzzled

A positive integer is written on the back of each of three puzzle pieces. The
numbers are not necessarily different but the total of the three numbers is 14.
Each puzzle piece is placed on a table so that the number cannot be seen.
Alpha, Beta and Gamma each select one of the pieces, being careful not to let
the other two see the number that is printed on the piece.

Alpha says, after looking at his puzzle piece, “I know that Beta and Gamma
have different numbers.”

Beta then says, “I already knew that all three numbers were different.”

At this point, Gamma confidently exclaims, “I now know what all three of the
numbers are!”

What were the numbers and who had which number?
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Problem of the Week

Problem E and Solution

A Little Bit Puzzled

Problem

A positive integer is written on the back of each of three puzzle pieces. The
numbers are not necessarily different but the total of the three numbers is 14.
Each puzzle piece is placed on a table so that the number cannot be seen.
Alpha, Beta and Gamma each select one of the pieces, being careful not to let
the other two see the number that is printed on the piece. Alpha says, after
looking at his puzzle piece, “I know that Beta and Gamma have different
numbers.” Beta then says, “I already knew that all three numbers were
different.” At this point, Gamma confidently exclaims, “I now know what all
three of the numbers are!” What were the numbers and who had which
number?

Solution

We want to find the single solution to the problem x + y + z = 14 that satisfies
the statements offered by Alpha, Beta and Gamma. It turns out that there are
78 different possible sums of three positive integers totalling 14. We could list
all of the possible solutions and then proceed through the statements until we
determine the required solution. Our approach will be far less exhausting. At
the end of the solution, a justification of the existence of 78 possible positive
integral solutions to the equation x + y + z = 14 will be provided.

The sum of three numbers is 14, an even number. To generate an even sum,
the three numbers must all be even or one of the numbers must be even and
the other two numbers must be odd.

Alpha says, after looking at his puzzle piece, “I know that Beta and
Gamma have different numbers.” How can Alpha KNOW? If his number
is even then Beta and Gamma could both have even numbers or both have odd
numbers to generate the sum 14. For example, if Alpha had the number 6,
Beta could have 6 and Gamma could have 2 or Beta could have 5 and Gamma
could have 3. If his number was even, Alpha would not KNOW that the other
two numbers were different. Therefore, Alpha must have an odd number, one
of the others has an odd number and the other has an even number.
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Beta then says, “I already knew that all three numbers were
different.” Using the same logic as before, since Beta knows Alpha and
Gamma have different numbers, Beta must have an odd number (and thus
Gamma must have the even number). But how does Beta KNOW that all
three numbers are different?

If Beta has a 1, 3 or 5, Alpha could have the same number. Beta would not
know.

If Beta has a 7, 9, 11 or 13, Alpha could not have the same number in order for
the three numbers to sum to 14. Furthermore, if Beta has a 7, Alpha must
have a 5 or lower. If Beta has a 9, Alpha must have a 3 or lower. If Beta has
an 11, Alpha must have a 1. Beta cannot have a 13 in order for the three
numbers to sum to 14.

At this point our list of possible solutions has dropped from 78 to 6.

Beta Alpha Gamma

7 1 6
7 3 4
7 5 2

9 1 4
9 3 2

11 1 2

How does Gamma conclude, “I now know what all three of the numbers are!”?

If Gamma has a 4, Beta could have a 7 and Alpha could have a 3 or Beta could
have a 9 and Alpha could have a 1. In this case, Gamma would not know.

If Gamma has a 2, Beta could have a 7 and Alpha could have a 5 or Beta could
have a 9 and Alpha could have a 3 or Beta could have an 11 and Alpha could
have a 1. In this case, Gamma would certainly not know.

However, if Gamma had a 6, then Beta must have a 7 and Alpha must have a
1. This is the only possibility in which Gamma’s statement is true.

Therefore, Alpha has a 1, Beta has a 7, and Gamma has a 6.

A justification of the 78 possible solutions is provided on the next page.
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Why are there 78 solutions to the equation x + y + z = 14 where x, y, z are
positive integers?

x y z # of possibilities

1 1 12
1 2 11
1 3 10 12
...

...
...

1 12 1

2 1 11
2 2 10
2 3 9 11
...

...
...

2 11 1

3 1 10
3 2 9
3 3 8 10
...

...
...

3 10 1
...

...
...

10 1 3
10 2 2 3
10 3 1

11 1 2
11 2 1 2

12 1 1 1

The total number of solutions is 12 + 11 + 10 + 9 + · · · + 3 + 2 + 1 = 78.

A much more elegant solution to this problem is possible but will not be
provided here. This type of counting problem is often covered in courses
involving Permutations and Combinations.
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Problem of the Week

Problem E

Stained Glass Window

The diagram represents a large semicircular stained glass window. The
diameter of the largest semicircle is 5 m, the diameter of the middle semicircle
is 3 m, and the diameter of the smallest semicircle is 1 m. All of the blue areas,
marked B, are equal and all of the red areas, marked R, are equal.

Determine the ratio of one area marked R to one area marked B.

! "#$%&

'
(

' '( (
( (
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Problem of the Week

Problem E and Solution

Stained Glass Window

Problem

The diagram represents a large semicircular stained
glass window. The diameter of the largest semicircle is
5 m, the diameter of the middle semicircle is 3 m, and
the diameter of the smallest semicircle is 1 m. All of the
blue areas, marked B, are equal and all of the red areas,
marked R, are equal. Determine the ratio of one area
marked R to one area marked B.

!
"

! !" "
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Solution

Make a copy of the window and flip it over. Attach the two halves at the
diameter creating a circular window. The ratio of area R to area B will remain
unchanged. This construction is not necessary but it allows us to find the area
of circles rather than semicircles.

The smallest circle has diameter 1 m and radius 1
2 m. The area of the small

circle is π(12)2 = 1
4π m2.

The middle circle has diameter 3 m and radius 3
2 m. The area of the middle

circle is π(32)2 = 9
4π m2. But the area of the middle circle is made up of six

areas marked R plus the small inner circle. Therefore,

6R +
1

4
π =

9

4
π

6R =
9

4
π − 1

4
π

6R =
8

4
π

6R = 2π

R =
π

3
m2
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The large circle has diameter 5 m and radius 5
2 m. The area of the large circle

is π(52)2 = 25
4 π m2. But the area of the large circle is made up of ten areas

marked B plus the area of the middle circle calculated earlier. Therefore,

10B +
9

4
π =

25

4
π

10B =
25

4
π − 9

4
π

10B =
16

4
π

10B = 4π

B =
2π

5
m2

The ratio of one red area R to one blue area B is now easily calculated.

R : B =
π

3
:

2π

5

=
5π

15
:

6π

15

= 5 : 6

The ratio of area R to area B is 5:6. In other words, one area R is five-sixths of
one area B.
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Problem of the Week

Problem E

Now I Know My A, B, C ’s, ...

The letters A, B, and C represent single digits. Determine all possible sets of
values of A, B, and C, given that:

ABC + 2 = ABB

and ABC × 2 = BBA

Note that ABC is a three digit number whose first digit is A, second digit is B
and third digit is C. Similarly for ABB and BBA.
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Problem of the Week

Problem E and Solution

Now I Know My A, B, C ’s, ...

Problem

The letters A, B, and C represent single digits. Determine all possible sets of values of A, B,
and C, given that: ABC + 2 = ABB and ABC × 2 = BBA. Note that ABC is a three digit
number whose first digit is A, second digit is B and third digit is C. Similarly for ABB and
BBA.

Solution

From ABC + 2 = ABB, we note that the number ABB is 2 more than the number ABC and
that the first two digits of each number are the same. From this, B = C + 2 follows. We can
prove this using place value. The number ABC = 100 × A + 10 ×B + C = 100A + 10B + C.
The number ABB = 100 × A + 10 ×B + B = 100A + 10B + B. Then,

(100A + 10B + C) + 2 = 100A + 10B + B

100A + 10B + C + 2 = 100A + 11B

C + 2 = B, as above.

From this expression we can obtain a restriction on the possible integer values of C. C must be
an integer from 0 to 7, inclusive. If C = 8, then B = C + 2 = 10 and B is not a single digit.

Representing ABC × 2 = BBA using place value,

(100A + 10B + C) × 2 = 100B + 10B + A

200A + 20B + 2C = 110B + A

199A = 90B − 2C

Substituting C + 2 for B : 199A = 90(C + 2) − 2C

199A = 90C + 180 − 2C

A =
88C + 180

199

We are looking for an integer value of C from 0 to 7 such that 88C + 180 is a multiple of 199.
The only value of C that produces a multiple of 199 when substituted into 88C + 180 is C = 7.
When C = 7, A = 88C+180

199
= 88(7)+180

199
= 4 and B = C + 2 = 9.

The only possible values that satisfy the system of equations are A = 4, B = 9 and C = 7.

We can verify this result:

ABC + 2 = 497 + 2 = 499 = ABB and

ABC × 2 = 497 × 2 = 994 = BBA.
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Problem of the Week

Problem E

As Time Goes By

A stopped watch may be useless but at least it shows the correct time twice a
day. A “good” watch which gains or loses time each day, shows the correct
time far less often.

When Jeff received a pocket watch from his Grandmother on his 12th birthday
it was set at precisely the correct time. However, Jeff soon discovered that his
watch gained exactly 10 seconds every day.

Assuming that Jeff never adjusts his watch to correct the time, how many
times after his 12th birthday and before his 90th birthday will his watch show
the correct time?
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Problem of the Week

Problem E and Solution

As Time Goes By

Problem

A stopped watch may be useless but at least it shows the correct time twice a
day. A “good” watch which gains or loses time each day, shows the correct
time far less often. When Jeff received a pocket watch from his Grandmother
on his 12th birthday it was set at precisely the correct time. However, Jeff soon
discovered that his watch gained exactly 10 seconds every day. Assuming that
Jeff never adjusts his watch to correct the time, how many times after his 12th

birthday and before his 90th birthday will his watch show the correct time?

Solution

Solving this problem is not difficult. However, the answer may surprise the
reader.

The watch will be correct once it has gained 12 hours.

12 h = 12 × 60 = 720 minutes

720 minutes = 720 × 60 = 43 200 seconds

Since the watch gains 10 seconds every day, it will take 43 200 ÷ 10 = 4 320
days or approximately 4 320 ÷ 365 = 11.8 years until it is the correct time
again. From Jeff’s 12th birthday to his 90th birthday, 78 years pass. The watch
will be accurate 78 ÷ (4 320 ÷ 365) =̇ 6.6 times. This means his watch will be
accurate only 6 times after his 12th birthday and before his 90th birthday.

The watch will be correct when he is 23.8 years old (between his 23rd and 24th

birthday), when he is 35.6 years old (between his 35th and 36th birthday), when
he is 47.4 years old (between his 47th and 48th birthday), when he is 59.2 years
old (between his 59th and 60th birthday), when he is 71.0 years old (near his 71st

birthday), and when he is 82.8 years old (between his 82nd and 83rd birthday).
Jeff may wish to correct his watch periodically or get a more accurate one.

As a concluding note, if the watch gained one second per day, the watch would
never be correct again for approximately 120 years. The answer is surprising!
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Problem of the Week

Problem E

It’s Your Vote

Just a small change in how people vote can affect an election result.

In a recent election, the ratio of the number of voters for the Purple Party to
the number of voters for the Pink Party was 15:16 and the Pink Party won the
election. Had 300 more people voted for the Purple Party and 200 fewer people
voted for the Pink Party, the ratio would have been 11:10 and the Purple Party
would have won the election.

Determine the total number of votes originally cast.

VOTE
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Problem of the Week

Problem E and Solution

It’s Your Vote

Problem

Just a small change in how people vote can affect an election result. In a recent election, the
ratio of the number of voters for the Purple Party to the number of voters for the Pink Party
was 15:16 and the Pink Party won the election. Had 300 more people voted for the Purple
Party and 200 fewer people voted for the Pink Party, the ratio would have been 11:10 and the
Purple Party would have won the election. Determine the total number of votes originally cast.

Solution

Let a represent the number of votes originally cast for the Purple Party.
Let b represent the number of votes originally cast for the Pink Party.
Then the total number of votes originally cast was a + b.

The original ratio of votes cast was a : b = 15 : 16. This ratio can be written a
b

= 15
16

and
a = 15

16
b follows. (1)

Had 300 more people voted for the Purple Party, the Purple Party would have received
(a + 300) votes. Had 200 fewer people voted for the Pink Party, the Pink Party would have
received (b− 200) votes. Then

a + 300

b− 200
=

11

10
10a + 3000 = 11b− 2200

10a = 11b− 5200

10

(
15b

16

)
= 11b− 5200 Substituting for a from (1)

5

(
15b

8

)
= 11b− 5200

75b = 88b− 41600 Multiplying by 8

−13b = −41600

b = 3 200

a =
15

16
(3200) Substituting b = 3200 in (1)

a = 3 000

a + b = 3 000 + 3 200

a + b = 6 200

There were 6 200 total votes originally cast.
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Problem of the Week

Problem E

Two Train Shuffle

Two trains of equal length are on parallel tracks. One train is travelling at
40 km/h and the other at 20 km/h. It takes two minutes longer for the trains
to completely pass one another when going in the same direction, than when
going in opposite directions.

Determine the length of each train.
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Problem of the Week

Problem E and Solutions

Two Train Shuffle

Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 1

Let L represent the length, in km, of each train. Let t1 represent the time, in hours, required
for the fast train to completely pass the slow train when going in the same direction. Let t2
represent the time, in hours, required for the fast train to completely pass the slow train when
going in opposite directions.

In order to completely pass one another when going in the same direction, the faster train
must travel two lengths of the train plus whatever distance the slower train travels. Therefore,

40t1 = 20t1 + 2L

20t1 = 2L

t1 =
L

10

In order to completely pass one another when going in the opposite direction, the total
distance travelled by the two trains must be 2L. Therefore,

40t2 + 20t2 = 2L

60t2 = 2L

t2 =
L

30

Since it takes two minutes or 2
60

hours longer for the trains to completely pass one another
when going in the same direction than when going in opposite directions,

t1 − t2 =
2

60
L

10
− L

30
=

1

30
Multiplying by 30: 3L− L = 1

2L = 1

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 2

Let L represent the length, in km, of each train.

When going in the same direction, the faster train is travelling at 40− 20 = 20 km/h relative
to the slower train. In order to completely pass, the faster train must travel 2L km. Therefore,
it takes 2L

20
= L

10
hours to completely pass.

When travelling in opposite directions, the faster train is travelling at 40 + 20 = 60 km/h
relative to the slower train. In order to completely pass, the faster train must travel 2L km.
Therefore, it takes 2L

60
= L

30
hours to completely pass.

Since it takes two minutes or 2
60

= 1
30

hours longer for the trains to completely pass one
another when going in the same direction than when going in opposite directions,

L

10
− L

30
=

1

30
Multiplying by 30: 3L− L = 1

2L = 1

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem

Two trains of equal length are on parallel tracks. One train is travelling at 40 km/h and the
other at 20 km/h. It takes two minutes longer for the trains to completely pass one another
when going in the same direction, than when going in opposite directions. Determine the
length of each train.

Solution 3

Let L represent the length, in km, of each train.

While the trains are travelling in opposite directions, let y km be the distance travelled by the
slower train from the time the faster train begins to pass until it completely passes. The slower
train travels y km and the faster train travels (2L− y) km. We know that the time travelled
will be the same so:

y

20
=

2L− y

40
2y

40
=

2L− y

40
3y = 2L (1)

While the trains are travelling in the same direction, let x km be the distance travelled by the
slower train from the time the faster train begins to pass until it completely passes. The slower
train travels x km and the faster train travels (x+ 2L) km. We know that the time travelled
will be the same so:

x

20
=

x+ 2L

40
2x

40
=

x+ 2L

40
x = 2L (2)

We know that it takes two minutes or 2
60

hours longer for the trains to completely pass one
another when going in the same direction than when going in opposite directions. So,

x

20
− y

20
=

2

60
x

20
− 3y

60
=

2

60

Substituting 2L for x from (2) and 2L for 3y from (1),

2L

20
− 2L

60
=

2

60
6L

60
− 2L

60
=

2

60
4L = 2

L = 0.5

Therefore, the length of each train is 0.5 km.
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Problem of the Week

Problem E

Sum Thing For The New Year

The set {3, 6, 9, 12, 15, · · · , 2010, 2013} contains all of the multiples of three
from 3 to 2013.

Three distinct numbers are chosen from the set to form a sum. How many
different sums can be formed?
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Problem of the Week

Problem E and Solution

Sum Thing For The New Year

Problem

The set {3, 6, 9, 12, 15, · · · , 2010, 2013} contains all of the multiples of three from 3 to 2013.
Three distinct numbers are chosen from the set to form a sum. How many different sums can
be formed?

Solution

Since the set includes every positive multiple of three from 3 to 2013 and 2013 is the largest
number, then there are 2013÷ 3 = 671 numbers in the set. Each number is of the form 3n, for
n = 1, 2, 3, · · · , 671. The required sum is 3a + 3b + 3c where a, b, and c are three distinct
numbers chosen from {1, 2, 3, · · · , 671}. But 3a + 3b + 3c = 3(a + b + c). We can reduce the
problem to the much easier question of, “How many distinct integers can be formed by adding
three numbers from {1, 2, 3, · · · , 671}?”

Clearly, the smallest number is 1 + 2 + 3 = 6 and the largest number is 669 + 670 + 671 = 2010.
It is reasonably easy to see that it is possible to get every number in between 6 and 2010 by:

a) increasing the sum by replacing a number with one that is 1 larger or,

b) decreasing the sum by replacing a number with one that is 1 smaller.

Therefore, all of the numbers from 6 to 2010 inclusive can be formed. The number of numbers
that can be formed is 2005. (Some solvers may think that there are 2004 numbers. There are
2010 integers from 1 to 2010, inclusive. But this includes the five numbers 1 to 5. So there are
2010− 5 = 2005 numbers from 6 to 2010.)

This answer, 2005, is the answer to the original problem as well. If a + b + c = 6 then
3(a+ b+ c) = 18. This is the smallest number that is the sum of the three smallest numbers, 3,
6 and 9, from the original set. If a + b + c = 2010 then 3(a + b + c) = 6030. This is the largest
number that is the sum of the three largest numbers, 2007, 2010, and 2013, from the original
set. Then every multiple of three from 18 to 6030 can be generated by adding three different
numbers from the original set. (There are 2005 multiples of three from 18 to 2010, inclusive.
And each of these can be obtained by adding three distinct numbers from the original set.)
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Problem of the Week

Problem E

Really BIG Number

A prime number is any number that has exactly two positive integer factors, 1
and the number itself. A composite number has more than two positive integer
factors. The number 1 is neither prime nor composite.

For some number 21609d, with units digit d, 221609d − 1 is a very large prime
number.

In fact, the number contains 65 050 digits. The number begins
746 093 103 064 661 343 · · · and ends with the units digit 7.

Determine the value of d, the units digit of 21609d.

Here are some useful facts which may be helpful in solving this problem:

1. if n is divisible by 3, then 2n − 1 is divisible by 7; and

2. if n is divisible by 5, then 2n − 1 is divisible by 31.

One use for very large prime numbers is in the area of cryptography, the study
of, in simplest terms, coding and decoding information so that it can be
securely transmitted. This area of study is very important because of its
application to areas like online banking, email and general internet security, to
list just a few.
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Problem of the Week

Problem E and Solution

Really BIG Number

Problem

A prime number is any number that has exactly two positive integer factors, 1 and the number
itself. A composite number has more than two positive integer factors. The number 1 is
neither prime nor composite. For some number 21609d, with units digit d, 221609d − 1 is a very
large prime number.

In fact, the number contains 65 050 digits. The number begins 746 093 103 064 661 343 · · ·
and ends with the units digit 7. Determine the value of d, the units digit of 21609d.

Here are some useful facts which may be helpful in solving this problem:

1. if n is divisible by 3, then 2n − 1 is divisible by 7; and

2. if n is divisible by 5, then 2n − 1 is divisible by 31.

Solution

To start, let’s look for a pattern in the units digit of powers of 2.

21 = 2 22 = 4 23 = 8 24 = 16
25 = 32 26 = 64 27 = 128 28 = 256

It appears that the units digit of powers of 2 repeat in the cycle 2, 4, 8, 6. The next four
powers of 2, 29, 210, 211, and 212, end with units digits 2, 4, 8, and 6, respectively, as expected.

Then 2216088 would end in a 6 since 216088 is divisible by 4. It then follows that 2216089 ends in
2, 2216090 ends in 4 and 2216091 ends in an 8. Since 2216091 ends in an 8, 2216095 and 2216099 also
end in 8.

Then 2216091 − 1, 2216095 − 1 and 2216099 − 1 each end in a 7. Therefore, the only possible values
of d are 1, 5 and 9.

If a number ends in 0 or 5, then it is divisible by 5. If d = 5 then 216095 is divisible by 5. From
the useful facts, it follows that 2216095− 1 is divisible by 31 and is therefore not a prime number.

If the sum of the digits of a number is divisible by 3, then the number is divisible by three. If
d = 9 then 216099 is divisible by 3, since the sum of the digits of 216099 is 27 which is divisible
by 3. From the useful facts, it follows that 2216099 − 1 is divisible by 7 and is therefore not a
prime number.

The only possible value for d is 1 and 2216091 − 1 is a prime number ending in 7. This prime
number is from a group of prime numbers called Mersenne primes. This number is the 32nd

Mersenne prime and it was discovered in February of 1992. For more on Mersenne Primes,
check out the Great Internet Mersenne Prime Search at www.mersenne.org. Perhaps you will
be part of a team that will discover the next Mersenne Prime. There are prizes awarded when
new discoveries are found and verified.
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Problem of the Week

Problem E

Half Truths

!"#$ %&'($)"

Four people, Andy, Barb, Carl and Dana, each said two statements such that:

• one person lied in both statements;

• one person told the truth in both statements; and

• two people told the truth in one statement and a lie in the other
statement.

Andy said,“Barb lied once.” and “Dana lied twice.”

Barb said, “I never lie.” and “Andy never lied.”

Carl said, “Dana lied twice.” and “Barb never lied.”

Dana said, “Andy lied twice.” and “I never lie.”

Who lied twice? Who never lied? Who lied exactly once?
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Problem of the Week

Problem E and Solution

Half Truths

Problem

Four people, Andy, Barb, Carl and Dana, each said two statements such that:

• one person lied in both statements;

• one person told the truth in both statements; and

• two people told the truth in one statement and a lie in the other
statement.

Andy said,“Barb lied once.” and “Dana lied twice.” Barb said, “I never lie.”
and “Andy never lied.” Carl said, “Dana lied twice.” and “Barb never lied.”
Dana said, “Andy lied twice.” and “I never lie.”

Who lied twice? Who never lied? Who lied exactly once?

Solution

1. Who lied twice?

a) Assume that Andy lied twice. If so, “Barb lied once” is a lie.
Therefore, “Barb never lied” or “Barb lied twice.” But “Barb never
lied” cannot be true because Barb says, “Andy never lied.” This
contradicts our assumption that Andy lied twice. “Barb lied twice”
cannot be true since that means Barb and Andy both lied twice and
this contradicts the fact that only one person lied twice. Therefore,
our assumption that Andy lied twice is false.

b) Assume that Barb lied twice. If so, “Andy never lied” is a lie. Then,
Andy lied twice or Andy lied once. Andy cannot have lied twice since
both he and Barb would have lied twice and this contradicts the fact
that only one person lied twice. But “Andy lied once” is also false
since “Barb lied once” is a lie (we assumed she lied twice) and “Dana
lied twice” is a lie because it contradicts the assumption that Barb
lied twice (and only one person can lie twice). Therefore, our
assumption that Barb lied twice is false.
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c) Assume that Carl lied twice. If so, “Barb never lied” is a lie and
“Dana lied twice” is a lie. Since “Barb never lied” is a lie, then she
lied twice or she lied once. But if Barb lied twice our assumption that
Carl lied twice cannot be true since only one person lied twice.

If Barb lied once, then “I never lie” must be the lie and “Andy never
lied” must be true. But if Andy never lied, then “Dana lied twice”
must be true and this contradicts the fact that only one person can lie
twice. Therefore, our assumption that Carl lied twice is false.

We are told that one person lied twice and none of Andy, Barb or Carl
lied twice. Therefore, by elimination, Dana is the one who lied twice.

2. Who never lied?

a) Assume that Barb never lied. Then her statement that “Andy never
lied” must be true. There are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our
assumption that Barb never lied is false.

b) Assume that Carl never lied. Then his statement that “Barb never
lied” must be true. There are then two people who never lied. This
contradicts the fact that only one person never lied. Therefore, our
assumption that Carl never lied is false.

Dana lied twice. Barb and Carl lied. Therefore, by elimination, Andy is
the one who never lied. It then follows that Barb and Carl each make one
true statement and tell one lie.

We can now check our results.

Andy never lied. Then his statements are both true. Barb lied once is true and
Dana lied twice is true.

Barb lied once. Then one of her statements is true and the other is a lie. Her
statement that she never lies is a lie and her statement that Andy never lies is
true.

Carl lied once. Then one of his statements is true and the other is a lie. His
statement that Dana lied twice is true and his statement that Barb never lied
is a lie.

Dana lied twice. Then both of his statements are lies. Andy lied twice is a lie.
And I (Dana) never lie is a lie.
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Problem of the Week

Problem E

Comic Collectors

With the renewed interest in movies based on comic book characters, many
clubs for comic book collectors have started. One such club attracts between
15 and 35 members to their monthly meetings.

At their last meeting, they discovered that all of the members in attendance
had exactly the same number of comic books, except for one member who had
one more comic book than each of the other members. Between them, the
members had precisely 1 000 comic books.

How many members attended the last meeting?
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Problem of the Week

Problem E and Solution

Comic Collectors

Problem

With the renewed interest in movies based on comic book characters, many
clubs for comic book collectors have started. One such club attracts between
15 and 35 members to their monthly meetings. At their last meeting, they
discovered that all of the members in attendance had exactly the same number
of comic books, except for one member who had one more comic book than
each of the other members. Between them, the members had precisely 1 000
comic books. How many members attended the last meeting?

Solution

One could attempt a trial and error solution to this problem. However, a more
algebraic solution will be presented here.

Let n represent the number of members present at the last monthly meeting
such that 15 < n < 35 and n is an integer. Let c represent the number of comic
books that all but one member had. The one member had c + 1 comic books.
It follows that (n− 1) members had c comic books each and one member had
c + 1 comic books producing a total of 1000 comic books.

(n− 1)c + 1(c + 1) = 1000

nc− c + c + 1 = 1000

nc = 999

We are looking for two positive integers with a product of 999 with one of the
numbers between 15 and 35. The prime factorization of 999 is 3 × 3 × 3 × 37.
We can combine the factors to produce pairs of numbers whose product is 999.
The possibilities are 1 and 999, 3 and 333, 9 and 111, and 27 and 37. The only
possible product which gives one factor between 15 and 35 is 27 × 37.

It then follows that there were 27 members present at the last meeting, 26 of
the members had 37 comic books each and 1 member had 38 comic books.
(This is easily verified: 26 × 37 + 1 × 38 = 1000.)
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Problem of the Week

Problem E

A Better Way

One day Matt was challenged to find the sum of all the three-digit numbers
that could be made by choosing three different digits from the list
{1, 2, 3, 4, 5, 6, 7}.

Unsure of how to proceed, Matt started adding the numbers:

1 2 3
+ 1 2 4

2 4 7
+ 1 2 5

3 7 2
+ 1 2 6

4 9 8
�
�
�

After finding the sum of just the first four possible numbers, Matt concluded
that there had to be a better way.

Using a “better way”, determine the sum of all the three-digit numbers that
can be made by choosing three different numbers from the list
{1, 2, 3, 4, 5, 6, 7}.
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Problem of the Week

Problem E and Solution

A Better Way

Problem

Determine the sum of all the three-digit numbers that can be made by choosing three different
digits from the list {1, 2, 3, 4, 5, 6, 7}.

Solution

We need to first determine how many possible three-digit numbers can be formed using three
different digits from the list {1, 2, 3, 4, 5, 6, 7}. There are 7 choices for the first digit. For each
of these choices, there are 6 choices for the second digit giving a total of 7× 6 = 42 choices for
the first two digits. For each of these 42 choices for the first two digits, there are 5 choices for
the third digit giving a total of 42× 5 = 210 different three-digit numbers.

Each of the numbers 1 to 7 has an equal chance of appearing in each of the hundreds, tens and
ones positions. Therefore, each digit appears 210÷ 7 = 30 times in each place value position.

The sum of the digits in the units position is

30(1) + 30(2) + 30(3) + 30(4) + 30(5) + 30(6) + 30(7)

= 30(1 + 2 + 3 + 4 + 5 + 6 + 7)

= 30(28)

= 840

The units digit of the sum is 0 and 84 is carried to the tens digit column.

The same digits appear in the tens digit column of the sum and again 30 times each. So the
sum of the tens digit column is 924 which is the sum of the digits in the column plus 84 carried
from the units digit column. The tens digit of the sum is 4 and 92 is carried to the hundreds
digit column.

The same digits appear in the hundreds digit column of the sum and again 30 times each. So
the sum of the hundreds digit column is 932 which is the sum of the digits in the column plus
92 carried from the tens digit column. The required sum is therefore 93 240.

The same sum would be obtained by adding 111, 222, 333, 444, 555, 666 and 777, and
multiplying the sum by 30.

30(111 + 222 + 333 + 444 + 555 + 666 + 777)

= 30× 111× (1 + 2 + 3 + 4 + 5 + 6 + 7)

= 3330(28)

= 93 240

It is left to the solver to reason this out.
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Problem of the Week

Problem E

Weird?

Sometimes you come across things that are just plain weird. For example, 512
is a three-digit number with three different digits and (5 + 1 + 2)3 = 512. It
seems a bit weird since the cube of the sum of the three digits in the number
equals the number itself. And, this is the only three-digit number with three
distinct digits that has this property.

It also turns out that there exists exactly one five-digit number, WEIRD, with
distinct digits such that (W + E + I + R + D)3 = WEIRD.

Determine the number.

(1 + 2 + 3 + 4 + 5)3 6= 12345

(2 + 4 + 6 + 8 + 0)3 6= 24680

? ? ? ? ?
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Problem of the Week

Problem E and Solution

Weird?

Problem

Sometimes you come across things that are just plain weird. For example, 512 is a three-digit
number with three different digits and (5 + 1 + 2)3 = 512. It seems a bit weird since the cube
of the sum of the three digits in the number equals the number itself. And, this is the only
three-digit number with three distinct digits that has this property. It also turns out that there
exists exactly one five-digit number, WEIRD, with distinct digits such that
(W + E + I + R + D)3 = WEIRD. Determine the number.

Solution

A straight forward approach to solving this problem is to determine the smallest possible
number and the largest possible number. Then, work at finding the number in that range that
satisfies the given property.

The smallest possible five-digit number with distinct digits is 10 234. The 3
√

10 234 =̇ 21.7 so
the smallest number to consider is 223 = 10 648. The largest sum of five distinct digits is
9 + 8 + 7 + 6 + 5 = 35 so the largest possible number to consider is 353 = 42 875. The answer,
if it exists, is from 223 to 353. We need to examine these cubes to find the solution.

Number Number3 Sum of the Digits Has the Property?
22 10 648 19 no, 22 6= 19
23 12 167 no, digits not distinct
24 13 824 18 no, 24 6= 18
25 15 625 no, digits not distinct
26 17 576 no, digits not distinct
27 19 683 27 Yes, (1 + 9 + 6 + 8 + 3)3 = 19683
28 21 952 no, digits not distinct
29 24 389 26 no, 29 6= 26
30 27 000 no, digits not distinct
31 29 791 no, digits not distinct
32 32 768 26 no, 32 6= 26
33 35 937 no, digits not distinct
34 39 304 no, digits not distinct
35 42 875 26 no, 35 6= 26

Since the problem stated that there was only one such number, we could have stopped when
we found (1 + 9 + 6 + 8 + 3)3 = 19 683 but by completing the chart we showed that, indeed,
there was only one solution.
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Problem of the Week

Problem E

Going Around in Circles

Two circles, with diameters AB and BC, respectively, are tangent to each
other at point B. A third circle with diameter AC is drawn so that it is
tangent to the larger inside circle at A and the smaller inside circle at C. From
a point E on the circumference of the outer circle a line segment is drawn to B
such that EB ⊥ AC and EB =

√
3 units.

Determine the area of the shaded region. That is, determine the area outside
of the two inner circles but inside the outer circle.

B
C

E

3

A

It is known that the angle inscribed in a semi-circle by the diameter is 90◦. In
the following diagram, PQ is a diameter and ∠PRQ is inscribed in the
semi-circle by diameter PQ. Therefore, ∠PRQ = 90◦.

P Q

R
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Problem of the Week

Problem E and Solution

Going Around in Circles

Problem

Two circles, with diameters AB and BC, respectively, are tangent to each other at point B. A
third circle with diameter AC is drawn so that it is tangent to the larger inside circle at A and
the smaller inside circle at C. From a point E on the circumference of the outer circle a line
segment is drawn to B such that EB ⊥ AC and EB =

√
3 units. Determine the area of the

shaded region. That is, determine the area outside of the two inner circles but inside the outer
circle.

Solution

Join A to E and E to C. Since AC is a diameter and ∠AEC is inscribed in the circle by that
diameter, ∠AEC = 90◦.

Let the radius of the smaller inside circle be r. Then the diameter of the smaller inside circle is
BC = 2r. Let the radius of the larger inside circle be R. Then the diameter of the larger inside
circle is AB = 2R.

Since BE ⊥ AC, ∠ABE = ∠CBE = 90◦. We will use the Pythagorean Theorem in the three
right triangles, 4ABE, 4CBE, and 4AEC, to establish a relationship between R and r.

All of the information is marked on the following diagram.

A
B

C

E

3

D=2R d=2r

In 4ABE, AE2 = AB2 + EB2 = (2R)2 + (
√

3)2 = 4R2 + 3.

In 4CBE, EC2 = BC2 + EB2 = (2r)2 + (
√

3)2 = 4r2 + 3.

In 4AEC, AC2 = AE2 + EC2 = (4R2 + 3) + (4r2 + 3) = 4R2 + 4r2 + 6.

But AC2 = (AB +BC)2 = (2R + 2r)2 = (2R + 2r)(2R + 2r) = 4R2 + 8Rr + 4r2

∴ 4R2 + 8Rr + 4r2 = 4R2 + 4r2 + 6 and 8Rr = 4 or Rr =
3

4
follows.
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A
B

C

E

3

D=2R d=2r

The relationship Rr =
3

4
could also be established using similar triangles as follows:

In 4AEB, ∠EAB + ∠AEB = 90◦ (1). Since ∠AEC = 90◦, ∠AEB + ∠BEC = 90◦ (2).

In (1) and (2), the right side of each equation is 90◦. We can then equate the left sides.
Therefore, ∠EAB + ∠AEB = ∠AEB + ∠BEC. Since ∠AEB is common to both sides, the
equation simplifies to ∠EAB = ∠BEC.

Now ∠EAB = ∠BEC and ∠EBA = ∠EBC = 90◦. Therefore, 4ABE ∼ 4EBC. From
triangle similarity,

AB

EB
=

EB

CB
2R√

3
=

√
3

2r

4Rr = 3

Rr =
3

4

The radius of the smaller inner circle is r, the radius of the larger inner circle is R, and the
radius of the outer circle is (R + r). We can now find the shaded area

Shaded Area = Area Outer Circle− Area Larger Inner Circle− Area Smaller Inner Circle

= π × (R + r)2 − π ×R2 − π × r2

= π × (R2 + 2Rr + r2)− πR2 − πr2

= πR2 + 2πRr + πr2 − πR2 − πr2

= 2πRr but Rr =
3

4

= 2π × 3

4

=
3π

2

Therefore, the shaded area is
3π

2
units2.
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Problem of the Week

Problem E

Is that Really True?

A subscriber to Problem of the Week submitted the following problem:

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Note: Every positive three-digit integer PQR can be written in the form
100× P + 10×Q+R.
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Problem of the Week

Problem E and Solutions

Is that Really True?

Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

A Note About the Solutions

The first two solutions use number theory to prove the result. The third
solution finds all possible three digit numbers of the form ABA which are
divisible by 7. It then creates a list of numbers of the form BAB from the
previous list and shows that all of these numbers are divisible by 7.

Solution 1

ABA is a positive three-digit integer divisible by 7. ABA is 7 times some
positive integer m or 7m. ABA can be written 100A+ 10B +A = 101A+ 10B.

∴ 101A + 10B = 7m (1)

The three-digit positive integer BAB can be written as
100B + 10A + B = 101B + 10A. Let n = 101B + 10A. (2)

We need to show that n is divisible by 7.

(1) 101A + 10B = 7m

(2) 10A + 101B = n

Subtracting, we obtain: 91A− 91B = 7m− n

Rearranging, we obtain: n = 7m + 91B − 91A

Factoring the right side, we obtain: n = 7(m + 13B − 13A)

Since A, B and m are positive integers, (m + 13B − 13A) is an integer. n is
7 times an integer and therefore n is divisible by 7. But n represents the
three-digit positive integer BAB so BAB is divisible by 7, as required.
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Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Solution 2

ABA is a positive three-digit integer divisible by 7. ABA is 7 times some
positive integer m or 7m. ABA can be written 100A+ 10B +A = 101A+ 10B.

101A + 10B = 7m

(98A + 3A) + (7B + 3B) = 7m

3A + 3B + 98A + 7B = 7m

3A + 3B = 7m− 98A− 7B

3A + 3B = 7(m− 14A−B)

Since A, B, and m are integers, 7(m− 14A−B) is an integer multiple of 7 and
hence is divisible by 7. But 3A + 3B = 7(m− 14A−B) so 3A + 3B is an
integer multiple of 7. Let 7n = 3A + 3B for some positive integer n.

The three-digit positive integer BAB can be written as

100B + 10A + B = 101B + 10A

= (98B + 3B) + (7A + 3A)

= 98B + 7A + 3A + 3B

= 98B + 7A + (3A + 3B)

= 98B + 7A + 7n

= 7(14B + A + n)

Since A, B, and n are integers, 14B + A + n is also an integer. It follows that
7(14B + A + n) is an integer multiple of 7 and is therefore divisible by 7. But
101B + 10A = 7(14B + A + n) so 101B + 10A, which represents the three-digit
positive integer BAB, is also divisible by 7.

Therefore, if the three-digit positive integer ABA is divisible by 7, then the
three-digit positive integer BAB is also divisible by 7.
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Problem

The numbers 161 and 616 are each divisible by 7. (161÷ 7 = 23 and
616÷ 7 = 88.) Show that whenever a three-digit positive integer ABA is
divisible by 7, then the three-digit positive integer BAB is also divisible by 7.

Solution 3

In this solution we will find all positive three-digit integers that are divisible by
7 and whose first and last digits are the same.

There is a divisibility rule for 7: to find out if a number is divisible by 7,
double the units digit, and then subtract it from the remaining digits of the
number. If you get an answer which is divisible by 7, then the original number
is divisible by 7. If you don’t know whether the new number is divisible by 7,
simply apply the rule again. The solver could use this rule or some other
process to find all positive integers of the form ABA that are divisible by 7.

The middle digit of the three-digit positive integer ABA cannot be zero since
the resulting number BAB would be 0A0, a two-digit number.

The complete list of three-digit positive integers of the form ABA that are
divisible by 7 such that B 6= 0 is

161, 252, 343, 434, 525, 595, 616, 686, 777, 868, and 959.

From this list, we form the three-digit positive integers of the form BAB,
namely,

616, 525, 434, 343, 252, 959, 161, 868, 777, 686, and 595.

Every number on the second list appears on the first list and is therefore
divisible by 7.

Therefore, if a three-digit positive integer ABA is divisible by 7, then the
three-digit positive integer BAB is also divisible by 7.

This solution is exhausting. One major problem with the solution is that we
must be sure that we have found and checked all possible positive three-digit
integers of the form ABA that are divisible by 7. The first two solutions
approached the proof in a more general way using number theory.
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Problem of the Week

Problem E

Around We Go

A spiral of numbers is created, as shown. starting with 1. If the pattern of the
spiral continues, how will the numbers 399, 400 and 401 appear in the spiral?
(Will they appear left to right in a row? right to left in a row? down in a
column? up in a column? down and then left? or up and then right?)

10 → 11 → 12 → 13
↑ ↓
9 2 → 3 14
↑ ↑ ↓ ↓

... 8 1 4 15
↑ ↑ ↓ ↓
22 7 ← 6 ← 5 16
↑ ↓
21 ← 20 ← 19 ← 18 ← 17
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Problem of the Week

Problem E and Solution

Around We Go

Problem

A spiral of numbers is created, as shown. starting with 1. If the pattern of the spiral continues,
how will the numbers 399, 400 and 401 appear in the spiral? (Will they appear left to right in
a row? right to left in a row? down in a column? up in a column? down and then left? or up
and then right?)

Solution

We are looking for some sort of pattern which can be used to predict the
position of the numbers 399, 400 and 401.

Observe a first square in the middle containing the numbers 1, 2, 3, and 4,
with 4 on the lower right corner.

2 → 3
↑ ↓
1 4

The first “square” has two numbers on each side and the number in the lower
right corner is 22 = (2× 1)2 = 4.

Extend the diagram to create a second square:

10 → 11 → 12 → 13
↑ ↓
9 2 → 3 14
↑ ↑ ↓ ↓
8 1 4 15
↑ ↓ ↓
7 ← 6 ← 5 16

This second “square” contains the numbers 1 to 16, with 16 on the lower right
corner. There are four numbers on each side and the number in the lower right
corner is 42 = (2× 2)2 = 16.
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Extend the diagram to create a third square:

26 → 27 → 28 → 29 → 30 → 31
↑ ↓
25 10 → 11 → 12 → 13 32
↑ ↑ ↓ ↓
24 9 2 → 3 14 33
↑ ↑ ↑ ↓ ↓ ↓
23 8 1 4 15 34
↑ ↑ ↓ ↓ ↓
22 7 ← 6 ← 5 16 35
↑ ↓ ↓
21 ← 20 ← 19 ← 18 ← 17 36

This third “square” contains the numbers 1 to 36, with 36 on the lower right
corner. There are six numbers on each side and the number in the lower right
corner is 62 = (2× 3)2 = 36.

Following this pattern, we would expect to find the number 64 in the bottom
right corner of the fourth square since (2× 4)2 = 82 = 64 and the number 100
in the bottom right corner of the fifth square since (2× 5)2 = 102 = 100. Both
of these can be easily verified by extending the spiral.

In general, the number in the bottom right corner of the nth square would be
(2× n)2.

The number 400 is 202. We would find it in the bottom right hand corner of
the tenth square since (2× 10)2 = 202 = 400. The number 399 would appear
just above 400 and the number 401 would appear just below it. So the numbers
399, 400 and 401 would appear as the last three numbers in a downward
column of numbers. (The number 402 would be to the left of 401 in a row.)

↓
399
↓

400
↓

402 ← 401
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Problem of the Week

Problem E

Put the Parts Together

Determine the number of solutions to

where • P and Q are both integers;

• −9 ≤ P ≤ 9; and

• −9 ≤ Q ≤ 9.
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Problem of the Week

Problem E and Solution

Put the Parts Together

Problem

Determine the number of solutions to
P

Q
− Q

P
=

P + Q

PQ
where

P and Q are both integers; −9 ≤ P ≤ 9; and −9 ≤ Q ≤ 9.

Solution
P

Q
− Q

P
=

P + Q

PQ

P 2

PQ
− Q2

PQ
=

P + Q

PQ
Common Denominator

P 2 −Q2

PQ
=

P + Q

PQ
Simplify

(P −Q)(P + Q)

PQ
=

(1)(P + Q)

PQ
Factor Left Side Numerator

Since the two sides are equal, P −Q = 1 or P + Q = 0. Also, P and Q cannot equal zero.
Otherwise at least two of the denominators, P , Q, and PQ, would equal zero and division by
zero is undefined. We will look each possibility separately.

1. P −Q = 1, P 6= 0 and Q 6= 0.

In this case, we see that P and Q differ by 1 and P > Q. The largest value of P is 9.
When P = 9, Q = 8. The smallest value of Q is −9. When Q = −9, P = −8, a value
which is 1 more than the value of Q. So P can take on all of the integer values from −8
to 9 except P = 0. But when P = 1, Q = 0. We would have to remove this value of P as
well. There are 18 values for P from −8 to 9. After removing P = 0 and P = 1, there are
16 values for P and therefore 16 corresponding values for Q. The equation has 16
solutions such that P −Q = 1, P and Q are integers, −9 ≤ P ≤ 9 and −9 ≤ Q ≤ 9.

2. P + Q = 0, P 6= 0 and Q 6= 0.

In this case, P + Q = 0 or P = −Q. When P = 9, the largest integer value it can take
on, Q = −9. Similarly, when P = −9, the smallest integer value it can take on, Q = 9.
There are 19 integer values that P can take on but this includes P = 0, Q = 0. So the
equation has 19− 1 = 18 solutions such that P + Q = 0, P and Q are integers,
−9 ≤ P ≤ 9 and −9 ≤ Q ≤ 9.

We have considered all possible cases. Therefore, there are 16 + 18 = 34 solutions to the
equation.
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